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Taylor-based inner and outer reachability of
continuous systems



Remember: Taylor methods for nonlinear system reachability

X+ (twr2h) XH(t)

Compute tubes of trajectories [x](t), or flow-
pipes, guaranteed to enclose all trajectories
of system x(t) = f(x,t), x(to) € [Xo]

X*(tg+h)

X-(t)

For f € C*, over-approximate the solution of x(t) = f(x(t)), x(to) € [xo] on [to, T]:

> Timegridto <t <...<ty=T
> Taylor-Lagrange expansion in t of the solution on each time slice [t;, ;1]
k—1 i i k

(t—1t) dx (t—t)

x(0) = x(t) + D = ) +

_ it dti
i=1

d“x
W(Q‘FQ}‘)), 0<0<1
> initial value x(t;) € [x;] given by Taylor expansion on previous time slice [t;_;, t;], evaluated at
time t;
J

> coefficients of the expansion computed using that x is solution of X(t) = f(x, t)

Set-valued computations: evaluation with intervals, affine forms / zonotopes, etc.



Taylor expansion based method for nonlinear ODE reachability

> Taylor-Lagrange expansion of the exact solution, valid for t € [t;, t; + h]:

_ (t — )k dkx

= x(t) +Z T dt, )t g g (om0 <0<
with initial value given by Taylor expansion on previous time slice [t;_;, t;], evaluated at time
ti:x(t) € byl = I (Bals 4)

> Coefficients are computed using that x is solution of x(t) = f(x, t):

dx

— (bl ) = (b, ) = {F 03, ), % € Dol

d*x ) d

E([Xj]v 4) = Ly (gl ) = {3 (F0g. ), % € ]} = {< H05 1), x5 € 1}

al 1

([XJ] §) = LBl ) = {(— =05, 5), % € T}

Defined |nduct|vely, can be computed efﬁaently by automatic differentiation

(,)

(t
X1, 6) = [ + Z ['] (1, 4) + U ([ry], 1, G])s
> Last coefficient a priori unknown. we need an a priori enclosure [r; 1] of x(t), t €]t;, t; 4 h[
(Lohner’s method, based on Picard iteration).
> Initialization of next iterate [x; 1] = [x];([x/], ti11)



Example (exercise): x = —x, withx(0) =1

Compute Taylor Model of order 3 valid on t=[0,1] and deduce bounds for x(1)



Example (exercise): x = —x, withx(0) =1

Compute Taylor Model of order 3 valid on t=[0,1] and deduce bounds for x(1)




Remember: AE extensions for function image computation

Given
> f:R”" - R’
> asetxinP(R")

we want: f(x)
range(f,x) = {f(x),x € x}.



Remember: AE extensions for function image computation

Given
> f:R”" - R

> asetxin P(R") 0

we want:
range(f,x) = {f(x),x € x}.

» Over-approximating extension of f (or inclusion function):
fo : P(R™) — P(R") such that vx in P(R™), range(f, x) C fo(x)



Remember: AE extensions for function image computation

Given
> f:R”" - R

> asetxin P(R") 0

we want:
range(f,x) = {f(x),x € x}.

» Over-approximating extension of f (or inclusion function):

fo : P(R™) — P(R") such that vx in P(R™), range(f, x) C fo(x)
> extension of f:

f.: P(R™) — P(R") such that Vx in P(R™), f.(x) C range(f, x)



Remember: AE extensions for function image computation

» Over-approximating extension of f (or inclusion function):

fo : P(R™) — P(R") such that Vx in P(R™), range(f, x) C fo(x)
> extension of f:

f.: P(R™) — P(R") such that Vx in P(R™), fu(x) C range(f, x)

Can be interpreted as AE propositions = quantified propositions where universal
quantifiers (A) precede existential quantifiers (E)

range(f,x) Cz="f,(x) & Vxex, Iz€z, f(x) =z

fu(x) =z Crange(f,x) & Vze z, Ixex, f(x) =z



Mean-Value AE extensions (scalar-valued function)

Theorem (Generalized Interval Mean-Value Theorem,Goldsztejn 2012)
» f:R™ — R be a continuously differentiable function, x an initial box of R",
> xo = mid(x) the center of the box x, fo = [fo, fo] such that f(xo) € fo
> A; = [A;, Aj] suchthat {|f (Xo1, - -, X0.i—1,Xiy - - - s Xm)|, X € X} C A
range(f, x) C [fo, o] + > _ Diradius(x;)[-1,1]

i=1

m m
[fo— Z&radius(xi),fﬁ + Z&radius(x,-)] C range(f, x)

i=1 =l

» Interval abstractions of
f(x) = f(xo) + [ f'(x)adx, x € x
» For over-approximation = centered
mean-value extension

[l (1) )




Example

> f(x) = x* —xoverx = [2,3]
> £(2.5) =3.75
> |f([2,3])] € [3.5] = [A. Al

= Jlro) +058-1,1]

Then,
3.75+ 0.5 3% [—1,1] Crange(f, [2,3]) € 3.75 + 0.5 % 5% [—1,1]

from which we deduce [2.25. 5.25] C range(f, [2,3]) C [1.25, 6.25].



Inner-approx. for ODEs with uncertain initial condition

Generalized mean-value theorem on the solution z, — z(t, zo) of the ODE:
we need a guaranteed enclosure of z(t, Z,) for some Z, € [z] and
{| o0, I(t,20), 20 € [zo]} C [Ji] : Taylor models

Algorithm (Init:j =0, tj = to, [Zj] = [Zo], [2/] =7 € [Zo], [J/] = /d)

> For each time interval [t;, t;11], build Taylor models for:

> [Z](t,t;, [Z]) outer enclosure of z(t, Zo) valid on [t;, ti44]
> [Z](t,t;, [z]) outer enclosure of z(t, [z0])
> [J(t, ¢, [z], [4j]) outer enclosure of Jacobian \ \(t [20])

» Deduce an inner-approximation valid for tin [t;, tj+‘|] if the following is non-empty :
J2[(t, ) = [[2] — Y] * r(20), [2] + [4] * r(20)]

> [gn] =[2G, 4, (7)), [Z0] = [2(G, 6, [2]), [a] = FI(E 6, 2], D))



Brusselator system (Taylor Models order 4)

18
16
1.4
1.2

= ] X =14 xix2 — 2.5x
Z 1 1 .
5 0.8 ] X2 = 1.5% — X12X2
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o . . . .
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t (seconds)
Theinner-approximationis deduced at each time instant from outer-approximations:
» Any outer-approximating method can be used to bound the flow and its Jacobian

» The outer-approximations can be safely evaluated with outward rounding (the
larger these bounds, the smaller the inner-approximation)

» The conservativeness in the inner-approximation does not propagate



Application: Quadcopter Dynamics (nominal mode)

Model
Z = —SgU + CoSpV + CoCysW
U=rv—qw+ seg
V= —ru+ pw — CySgg
W = qu —pv — cocg + =
¢ = P+ Cotor + tossq
» z:vertical position in the world frame,

v

v

v

v

(u, v, w): linear velocity of CoG in body-fixed
frame wrt inertial frame

(¢, 0,1): angular orientation (roll, pitch, yaw),

(p, g, r): roll, pitch and yaw rate wrt body frame

F: sum of individual motor thrusts, Iy, Iy, I,:
quadcopter’s inertial moments around x, y, z.

6 = cyq — S4r
b=2r+2q
p:%qr‘FiMx
@Z%Pr*‘i’wy

F=Ttpq+ i Me

Iz

Pitch

Thrust



Modelling and control

> four commands thrust, cmd, cmd,, and cmdg ’ |
instead of PWM.

» From which we deduce the input force and
moments from the squared rotation rates,
with force and momentum equations equal {
to: Motor 2

Motors’ controls

F Cr (G (emdj + cmd?, + 4cmd’, + 4thrust®) + 8CiCathrust + 4C5)
M| 4Crd(Ci(cmdgthrust — cmdoecmd.y, ) + C1Cacmdy)
M| 4Crd(Ci(cmdpthrust — cmdgemd,) + CiCacmdy)

M, 2Cp (CF(4cmd pthrust — cmdgecmdy) + 4C1Cacmdy)



Reachability results on the quadcopter

Takes 6.3 seconds with Taylor models of order 5

0

t(seconds) t(seconds)

(a) Roll rate p (b) Roll ¢ (c) Altitude z



Neural network controlled systems

x(t) = fx(t), u(t), w(t))
X(to) = X9 € Xo
U(t) = Uy = h(y(X(Tk))), fort € [Tk, Tk+1), with 7, = to + kAt,, Vk >0

Taylor model (zonotope coeff)

clk: t =t

x(t
:
Vi = x(t)
U = N(y« Neural-network controller

Zonotope



Feedforward neural network controlled system

Each layer consists in a linear transform followed by a non linear activation function:

Inputs  Layer of S Neurons

Sigmoid
o(r) =

tanh
tanh(z)

1
TTe—=

A

[

RelLU
max(0, z)

a=f(Wp+b)

/.

Leaky ReLU )
max(0.1z, z)

Maxout o
mu.x(w-{ z+ by, 7112'  + bs)

ELU ‘"
T x>0
ale*—1) <0 ’ W

We focus on differentiable activation functions (needed
for inner-approximations)

Taylor expansions in time for vector field f(x(t), h(x(7«))) and its Jacobian wrt initial
states and uncertainties: implies differentiating h, using tanh’(x) = 1.0 — tanh(x)* and

sig (x) = sig(x)(1 — sig(x)).



Example: sampling (purple dots) and inner/outer-approximations

)'(1 = X2
o =uxi —x
where control u given by NN 3 x 20 nodes with sigmoid activation

x ‘

Unsafe zone: x1>1 — maximal outer approx
= maximal inner approx
estimated reachable states

(a) xq as function of time (b) Joint range (x1, x2)
» Over-approximation is very tight
> Samples show (x1,x2) becomes almost a 1-dim Property x; < 1(red line):
curve: inner-approx difficult! > over-approx raises an alarm

> N-dim inner-approximation more difficultand  » ynder-approx proves falsification
imprecise than 1-dim inner-approx 15



Jointinner range and robust reachability



Vector-valued functions: from range projection to joint inner range

Product of 1-dim approximations as n-dim approximation?
» Products of 1-dim over-approx. are n-dim over-approx.
> Generally false for under-approximations! Take (z1,22) = (fi(x1,x2), f2(x1, x2)) and
Vz1 € z1, 3 € X1, Iz € X2, 21 = fi(x)
Vzy € 23,31 € X1, Iz € X2, 22 = fH(X)

Problem: does notimply Vz; € z; and Vz, € 2z, 3x € x; and 3x; € X3 such thatz = f(x).
The reason is that a witness for 3x; may not be the same for each component of f



Vector-valued functions: from range projection to joint inner range

Product of 1-dim approximations as n-dim approximation?

» Products of 1-dim over-approx. are n-dim over-approx.

» Generally false for under-approximations! Take (z1,z2) = (fi(x1,%2), 2(x1,X2)) and
Vz1 € z1, 3 € X1, Iz € X2, 21 = fi(X)
Vzy € 23,31 € X1, Iz € X2, 22 = fH(X)
Problem: does notimply Vz; € z; and Vz, € 2z, 3x € x; and 3x; € X3 such thatz = f(x).
The reason is that a witness for 3x; may not be the same for each component of f
A simple relaxation:
» such that no variable is existentially quantified in several components
» strengthen the quantified formula: robust inner-approximations
Suppose we can compute z; and z; with continuous selections x, and x; such that

Vz1 € 21, VX1 € X1,3x2 € X2, z1 = fi(x)

Vzy € 22,2 € X2,30 € X1, 22 = F(X)

By Brouwer fixpoint thm: ‘ 21 X 2o C range(f,x1 X X2) ‘

(aninner box — parallelepiped by preconditioning)



Reachability with Inputs

Reachability questions for hybrid systems with inputs:

1. Viability

> does there exist a choice for the inputs u such that the executions of the system remain

in a given set?

> inputs as controls that can be used to steer the system in the set
2. Invariance

> do the executions of the system remain in a given set for all choices of u?

> inputs as uncontrollable disturbances that can steer the system outside the desired set
3. Gaming.

> does there exist a choice for the controls, such that despite the action of the
disturbances the execution of the system remain is a given set?
> some of the input variables are controls, while others are disturbances.



Reachability problems for systems with inputs

» Maximal reachability: looking for input signals u that maximize the reachable set

le(t) C RE(t: X0, U) = {x|Ju € U, Ixo € Xo, x = @""(t; X0, u)} C 0g(t)

> : states that trajectories will reach for any input signal w

1a(t) € R (8 Xo, W) = {x| o € Xo, x = @ " (t;x0, W)} C 0.(t)

» Robust reachability: states reachable robustly to disturbances on components w:

Roae(t; Xo,W,U) = {x € D| Ju e U, Ixo € Xo, X = &' (t; %0, w, u)}

We have: R (t; Xo, W) C R'% (t; Xo, W) C RL"(t; Xo, W)



Robustly reachable sets

states reachable whatever the disturbances on components w € x4

range ,o(f,xa,Xxe) = {z|Vw € x4,3u € x¢, z=f(w,u)} C range(f, x)



Robustly reachable sets

states reachable whatever the disturbances on components w € x4
range .o (f,xa,Xe) = {z|Vw € x4,3u € x¢, z=f(w,u)} C range(f, x)

A particular case of robust reachability for dynamical systems with
disturbances/inputs

- {)’((t) — F(x(t), u(t)) 5 {X:+1 :Of(xk,uk)
x(0) € xo,u(t) € UCRP xex,ukk)eUCR?
flow ¢ (t; X0, U)

Sets reachable robustly to disturbances on components uy:

Rse(t; X0, U) = {x € D|Vua € Ua, Jue € Ug, 3o € Xo, X = ¢ (t; X0, Ua, Ue)}
» U, can be seen as disturbance, ug as control

> (classical) maximal reachability for Uy = @, minimal reachability for Ug = ()



Robust Mean Value theorem

range o (f,xa,Xxe) = {z|Vw € x4,3u € xg, z=f(w,u)} C range(f,x)

Similar to the generalized interval mean-value theorem, but with adversarial terms
» f:R™ — R be continuously differentiable, x = x4 X x¢ initial box
> {IVuf(w,u)| ,w € xa, u€xe} C Vyand {|Vuf(w,xg)| , w € x4} C Vi

Then: D = _
range 4 ¢ (f, x.4,xg) C [fC—(Vu,r(xe)) ,FO4+(Vu, r(xe)) ]
[FO— (¥, r(xe)) (Y, r(xe)) ] C range 4o (f, x4, xg)
Intuition:

» Controlu € x¢ acts positively on the (exact) range width : widens the over (resp.
under) approximation by (V, r(xe))[—1,1] (resp. (V,,, r(xe))[~1,1])

> : shrinks down the over (resp. under)
approximation by (resp. by )

20



Intuitively: a simple two-player game!

The players

Rules of outer-approximation game for f(xi, . . ., x,): for each quantifier Q;,i € [1, p]

(3-player) (V-player)

» ifQ =3, widens by the maximal contribution V,
> if ,%shrinks by the minimal contribution

Rules of inner-approximation game for f(xi, . . ., x,): for each quantifier Q;, i € [1, p]
» ifQ =3, widens by the minimal contribution V,,

> if . % shrinks by the maximal contribution

21



Examplein 2-D

f(x) = (557 + X5 — 22 — 4, X} + 55 — 2x, — 4)T forx = [0.9,1.1]

) =0 | Vi) |C ([6'8’9'2] [0. 0.4] )

[0,0.4] [6.8,9.2]

» 1-D mean-value approximations:

» 2-D under-approximation by robust range:

22



Examplein 2-D

f(x) = (557 + X5 — 22 — 4, X} + 55 — 2x, — 4)T forx = [0.9,1.1]

1) =0, | V) |C ([6[56?6?51 [<[508094;])

» 1-D mean-value approximations:

» 2-D under-approximation by robust range:

22



Application to reachability of discrete-time systems

Iteratively compute function image, with as input, the previously computed
approximations (under and over-approximations / and O of the reachable set z*):

P=2 0=2°

M =Z(f, I, 7), O = O(f, 0¥, )

Test model
k1 k k\2 ky\2 108
X =X + (0.5()(1) - 0.5()(2) )A —00?&( hmm (1.005><2
~0.04, 1.000
x‘z('H = )(12( + 2)(11{)(‘2(A xP;}Og;;\ }0992
0084 - " S 0984
with x* € [0.05, 0.1], X3 € [0.99,1.00] o 5 B oamb
and A = 0.01.

Under- (yellow) and over-approximated (green)
reachable sets over time up to 25 steps (0.02

sec)
23



Refining the approximations



Example: the sigmoid function

> Not so accurate/satisfying...
> First natural idea: input domain partition? Costly and convex union of the
under-approximating boxes is in general not an under-approximation of range(f, x)

24



Refinement by local quadrature

f“*\l\\
1 7
N E—
n.E
—
1 )4/" o 1 J
-6 -4 - 2 4 6

Mean-value extension is an interval abstraction of f(x) = f(xo) + fxz f'(x)dx: use a
partition x = x; U x; to refine:

o4 <y1,d)(1>[—17 11+ (22, dxz)[—L 11 C range(f,x' sz)
range(f, X' Ux?) C f* + (V' ,dx"Y[=1,1] + (V°, dx®)[-1,1]

25



Refinement by local quadrature

fol|-4,4
1 -
n.I:
—
1 )4/" o 1 J
-6 -4 - 2 4 6

Sl

POR

Generalizes to more partitions and n
dimensions.




Higher-order AE extensions

Theorem

Let g be an elementary (compositions of +, -, X, /, sine, cosine, log, exp in particular) approximation
function for f, s.t.

Yw € x4, Vu € xXg, 3¢ € e, f(w,u) =g(w,u,§)
Then any under-approx Zg (resp. over-approx Og) of the range of g robust to x 4 and & is an
under-approx (resp. over-approx) of the range of f robust to x 4, i.e.
Ty C range ¢ (f,x4,Xg) C Oy

If g can be separated, i.e. g(w, u, &) = + B(w, u, &), with

under-approx of the range of
robust to w, O over-approx of the range of /3 then

Ig=[L,+ Op, 7o + O] C range 4¢(f, x4, Xe)u

Typically, g(w, u, &) Taylor expansion of f (with x = (w, u) and £ from Lagrange remainder):

(X o XO)n +1
(n+1)!
B(x,€)

9%, &) = +D"(¢)

Easily applicable for n = 1 (linear expression can be exactly evaluated)

26



Arbitrarily quantified reachability problems



A more general notion of robustness of a control loop

Reminder: robust reachability until now
Given ¢(t; Xo, u, w) the flow of an ODE at time t from xo with control u and disturbance
w, fortime t € [0, T], compute:

Rya(p)(t) ={z | Yw € [0,5] = W, 3xo € Xo, Ju € [0,s] — U,z = o(t; xo0, u, w)}

(can a controller compensate disturbances or change of values of parameters that are
known to the controller?)

Alternative problem (control is not aware of perturbations)
Can a controller not knowing the disturbance still reach the target, up to some (time)
relaxation?

Rava(p) = {z € R™ | [3u € [0,s] — U], 3xo € Xo, Yw € [0,5] = W,
Is € [0, 7], z= (s X0, u, W)}

where [Ju] optional if we know the controller,



Example: Dubins vehicle

Its position (px, py) and its heading 6 are given by:

Px vcos(6) + b
x=1| p | = vsin(6)
0 a

,,,,,,, %39

e

> Init: Xo = {(px, py, 0) | px € [-0.1,0.1], p, € [-0.1,0.1], 6 € [-0.01,0.01]},

» Control a (angular velocity) in U = [—0.01, 0.01], disturbance b in

W = [—0.01,0.01]

We want to estimate:

Rava(p) ={z € R" |Ja € U, 3x, € Xo, Vb1 € W, Is € [0, T], z = ¢(s; X0, U, w)}

28



But also

Motion planning

» Find possible waypoints and final state,
for a controller that takes k constrained /—\
actions

> Gives k alternations of ¥3 quantifiers, for &

k waypoints

General temporal logics formulas, and hyperproperties
» behavioral robustness,

» comparisons of controllers

Etc.

29



Extension to the general case of arbitrary order of quantifiers

Rp(f) = {z € R" | Qi € [-1,1],Qx2 € [-1,1],... Quxp € [-1,1],2 = f(x1, X2, ..., Xp) }

Rules of outer-approximation game:
Rounds for j from p to 1:

> ifQ =3, widens range by the maximal contribution V,,

> if ,% shrinks range by the minimal contribution

» if empty range, stop: daemon wins

Rules of inner-approximation game:
Rounds for j from p to 1:

» ifQ =3, widens range by the minimal contribution V,,

> if R % shrinks range by the maximal contribution

30



An outer-approximation game
Example, functiong : R* — Ron [-1,1]
2
90,32, ) = - + O + 1) +2) + (xa +3)%
Compute Ravs(g) = {z| I € [-1,1], VX, € [-1,1], Ixz € [-1,1],2 = g(x1, X2, X3) }

"Individual contributions" of each argument

> Vi=|2|=2€[0,1],Va=2|=Is+2/€1,3],
Vs =|29| = |x; + 14 2(xs + 3)| € [4,10],and c = ¢(0,0,0) = 11.

X3

> 0= [—1,1],h=0,0, =[-3,3],/, = [-1,1]and Os = [—10,10], ;s = [—4, 4].

Outer-approximation of R3y3(g) - round 3

[ ¢ 405, ¢ +0s ]
=[ 1 —10, M +10 ]



An outer-approximation game
Example, functiong : R* — Ron [-1,1]

g(x1, %2, X3) = é + 0+ )06 +2) + (s +3)%
Compute Ravs(g) = {z| I € [-1,1], Vx2 € [-1,1], Ixs € [-1,1],2 = g(x1, X2, %3) }
"Individual contributions" of each argument
> Vi= |2 =1%€[0,3],Va= 82| = I +2 €[1,3],

Vs =|29| = |x; + 14 2(xs + 3)| € [4,10],and c = ¢(0,0,0) = 11.

X3

> 0= [—1,1],h=0,0, =[-3,3],/, = [-1,1]and Os = [—10,10], ;s = [—4, 4].
Outer-approximation of R3y3(g) - round 2

g o %

[ ¢ +h 405, ¢ +l, +0;5 ]
=[1 41 =10, 1 -1 410 ]



An outer-approximation game
Example, functiong : R* — Ron [-1,1]
2
X
g, 06) = - + (e +1)06 +2) + (6 +3)"
Compute Ravs(g) = {z| I € [-1,1], VX, € [-1,1], Ixz € [-1,1],2 = g(x1, X2, X3) }

"Individual contributions" of each argument

> Vi= Ial—lx‘le[ 3L Va= gkl = +2/ €3],
V3—|8j73|—|xz+1+2()(3+3)\6[410]andc—g(OOO):H.

> 0= [—1,1],h=0,0, =[-3,3],/, = [-1,1]and Os = [—10,10], ;s = [—4, 4].
Outer-approximation of R3y3(g) - round 1, Angel wins

g0 of

[ ¢ 40, +h 40,, ¢ 401 +I, +0s |
=[N =3 +1 =10, N +3 —1 +10 ] =[1.5,20.5]



An outer-approximation game
Example, functiong : R* — Ron [-1,1]
2
90,32, ) = - + O + 1) +2) + (xa +3)%
Compute Ravs(g) = {z| I € [-1,1], VX, € [-1,1], Ixz € [-1,1],2 = g(x1, X2, X3) }

"Individual contributions" of each argument

> Vi= Ial—lx‘le[ 3L Va= gkl = +2/ €3],
V3—|8j73|—|xz+1+2()(3+3)\6[410]andc—g(OOO):H.

> 0= [—1,1],h=0,0, =[-3,3],/, = [-1,1]and Os = [—10,10], ;s = [—4, 4].

Outer-approximation of R3y3(g) - round 1, Angel wins

fo o
1 1.
[ ¢ 40, +h +0,, ¢ +0; +I, +0;3 ]

=[N =3 +1 =10, N +3 —1 +10 ] =[1.5,20.5]

(in comparison, the sampling based estimation is [6.25, 16.25])



An inner-approximation game

Example, functiong : R® — Ron[-1,1]°
Compute Ravs(g) = {z| Ix € [-1,1], Vo € [-1,1], Ixs € [-1,1],2 = g(x1, X2, X3) }

"Individual contributions" of each argument

P
> V1=|69|—| |€[0,3],Va=I52 = Ixs +2 € 1,3],
*|6Xi|:|x2+1+2(x3+3)\€[4 10],and ¢ = g(0,0,0) = 11.

> O =[—3,3],h=0,0,=[-3,3],)o = [-1,1] and O3 = [10,10], /s = [—4,4].

Inner-approximation of R3y3(g) - round 3

[ ¢ +;, ¢ +i5 ]
=[1n -4 n 44 ]



An inner-approximation game

Example, functiong : R* — Ron [-1,1]°
Compute Rav3(g) = {z| Ix € [-1,1], Vx2 € [-1,1], Ixs € [-1,1],2 = g(x1, X2, X3) }.

"Individual contributions" of each argument
> V1=|3X1|—| |€[0,3], V2= 182| = I +2| € [1,3],

= |6f3| = |x2 + 14 2(xs + 3)| € [4,10],and c = g(0,0,0) = 11.
>o1_[ h =0,0, = [-3,3],, = [-1,1] and 03 = [-10,10], /s = [—4, 4].

2 2]
Inner-approximation of R3y3(g) - round 2

to f

[ ¢ 40, +, ¢ 40, +h ]
=[N +3 —4, N1 -3 +4 ]



An inner-approximation game

Example, functiong : R* — Ron [-1,1]°
Compute Rav3(g) = {z| Ix € [-1,1], Vx2 € [-1,1], Ixs € [-1,1],2 = g(x1, X2, X3) }.

"Individual contributions" of each argument

>V1=|3X1|—| |€[0,3], V2= 182| = I +2| € [1,3],
*|6)f3|:|x2+1+2(x3+3)\€[410] andc = g(0,0,0) = 11.
> O = [—; h =0,0, = [-3,3],, = [-1,1] and 03 = [-10,10], /s = [—4, 4].

2 2]

Inner-approximation of R3y3(g) - round 1, Angel wins

Fiel ok

[ ¢ +4 +0; +l;, ¢ +h +0, +I5 ]
=[11 0 +3 —4, 11 +0 -3 +4 ] =[10,12]
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An inner-approximation game

Example, functiong : R®* — Ron [-1,1]

Compute Rgvg(g) = {Z| I € [—1,1], Vx, € [—1,1]7 dx; € [—1, 1],2 = g(X1,Xz,X3)}.

"Individual contributions" of each argument

>v,:|gg|_|“|e[ 3V =182 = I +2 € [1,3],
V3—|af|—|x2+1+2()(3+3)\6[410] andc = g(0,0,0) = 11.
> 01 =[-3,3],h=0,0, =[-3,3],/, = [-1,7] and 05 = [-10,10], ;s = [—4, 4].

Inner-approximation of R3y3(g) - round 1, Angel wins

Fiel ok

[ ¢ +, 40, +l;, ¢ +h +0, +I5 ]
=[11 0 +3 —4, 11 +0 -3 +4 ] =[10,12]

(in comparison, the sampling based estimation is [6.25, 16.25])
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The problem with joint inner-approximations
A simple example
Considerf = (fi,£) : R* — R”:

filx, %2, X3,%) = 24+ 2G+X +3X3+ X
L6, X2,X3,%) = —1—x1— X2+ X3+ 5xs

Rava(f) = {z € R*|3n € [-1,1], Vxo € [1,1], I € [-1,1],
s € [-1,1], 2= f(x,%2, %3, Xa) }

Problem?

» Outer-approximation of each component = outer-approximation of R3ys(f):
Same calculation as before, 1 component at a time: Ray3(f) C [-3,7] x [-7, 5].

> Would find here also[—3, 7] x [—7,5] C Rava(f), wrong!

Reason: a witness for 3x; may not be the same for each component of f!

33
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A solution for joint inner-approximations

A simple relaxation

» Conjunction of quantified formulas for each component where no variable is
existentially quantified in several components.

» Transform the quantified formula by strengthening them for that objective

For example (VY as relaxations of 3):

7 VXZ, yX4, 7 5 = f1(X1aX27X3>X4)
VX1, VX2, VX3, , Z = fz(X1,X2,X3,X4)

(for each i, appears in only one component of f)

Reminder: we wanted to compute, originally:

Ravs(f) = {z € R*| 3 € [-1,1], Vx; € [-1,1], 3xs € [-1,1],
Ixs € [_171]7 zZ= f(X17X27X37X4)}



Example

Consider f = (f,f) : R* — R%:

filx, X2, X3,%) = 24+20+X+3x:+x
L, X2, X3,%) = —1—x1— X2+ X3+ 5xs

Rava(f) = {z € R?|3x € [-1,1], Vx2 € [-1,1], Ixs € [-1,1],
Ixa € [—1,1], z = f(x1, X2, X3, Xa) }

Same calculation as before, 1 component at a time: Ravs(f) C [-3,7] x [-7,5].

For the joint inner-approximation, interpret (we already did the first component!):

, VXZ, VX4, , 1 = f1(X1,X2,X3,X4)
VX17 VXz, VX37 , Z; = fz(X1,X2,X3,X4)

= [Z1C —(5)(] +(sz + (5)(4 _6)(37 Z1C +5)q _6xz - 5)(4 +6X3]
=[ 2 -2 +141 =3, 2 42 —1-1 +3] =[-1,5]



Example

Consider f = (f,f) : R* — R%:

filx, X2, X3,%) = 24+20+X+3x:+x
L, X2, X3,%) = —1—x1— X2+ X3+ 5xs

Rava(f) = {z € R?|3x € [-1,1], Vx2 € [-1,1], Ixs € [-1,1],
Ixa € [—1,1], z = f(x1, X2, X3, Xa) }

For the joint inner-approximation, interpret (2nd component):
7 VX2, VXa, 7 21 = fi(X1, X2, X3, Xa)
VX17 VXz, VX},, , Zy) = fz(X1,X2,X3,X4)

2 = [ Zg Jr5)(1 + 5)(2 + 5X4 75)(37 Z1C 75)(1 - 6)(2 - 5X4 +5X3]
=[ -1 H1+14+1 -5 -1 —1-1-1 45| =[-3,]7]

Hence [-1,5] x [-3,1] C Rava(f) C [-3,7] x [-7,5].



Example, in picture

Rava(f) ={z € R2|3X1, Vxo, X3, Ixa, Z = (X1, X2, X3, Xa) }

V4)
A
>3
7.I Z 7.I
Z Z 75
L
73 ™
ll I
l-t o
Z L Z5Z
Pl el zI4
7[
> Samples 7, ..., 2" of f([-1,1]*)

» Outer-approximation (our method)
» Exact set Rva(f)

» Inner-approximation (our method)
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Dubins example

Direct computation from the ODE (no need for Taylor approximant here)

>

Outer-approximation of a "central trajectory” (xc, yc, fc) startingatx = 0,y = 0,
0=0,bp=0anda=0:x.=t,y.=0andf. =0,

% — cos(6) + by € [0.989999965,1.01] hence /. = [0,0.494999982],

Oxt = [0, 0.505],

Similarly for the other variables: I, : = 0,

Oyt = [—sin(0.015) /2, sin(0.015) /2] = [-1.30910~%,1.309 10 *] and Iy,: = O,
0p.+ = [—0.005, 0.005],

The Jacobian of ¢ with respect to xo, yo, 6o, b1 and a, satisfies a variational

equation:
ob,

ox . 00
(87)(0) = —VSIn(G)% aF 87)(0

with ZX(t = 0) =1, 52 (t = 0) = Oeetc.



Dubins example

Direct computation from the ODE (no need for Taylor approximant here)

» Outer-approximation of a "central trajectory” (xc, yc, 0c) startingatx = 0,y = 0,
0 =0,b=0anda=0:x.=t,y.=0andf. =0,

> 2 — cos(0) + by € [0.989999965,1.01] hence Iy, = [0, 0.494999982],
O+ = [0,0.505],

» Similarly for the other variables: I, = 0,
0y.t = [—sin(0.015) /2, sin(0.015) /2] = [-1.30910~*#,1.30910 *] and /g,: = O,
0p,: = [—0.005, 0.005],

» The Jacobian of ¢ with respect to xo, yo, 60, by and a, satisfies a variational
equation:
» Iya=0,0xq =[—6.54510"7,6.5451077], Iy x, = Ox,x, = [—0.1,0.1], /.6, = O,
Oyx,0, = [—1.309107,1.3091075], I , = 0, Oy p, = [—0.005, 0.005],
> Iya=0,0y, = [—0,0025,0.0025],ly,y, = Oy,y, = [—0.1,0.1], 1,9, = O,
0y,6, = [—0,005,0.005],
> lp.9, = 0,6, = [—0.01,0.01], /5.4 = 0, 05 4 = [0,0.005],



Dubins example

Compute R3y3:

3a € [-0.01,0.01], 3xo € [~0.1,0.1], Tyo € [-0.1,0.1],
30 € [~0.01,0.01], Vby € [~0.01,0.01], 3t € [0,0.5],
Z= go(t;XO,yo,t%, a, b1)

Hence, inner-approximation
Lower bound inner-approximation for x:

Xc +lx,a +lx,x0 +lx,y0 +lx,00 +6X,b1 +lx,t
=0 -0 -01 +0 -0 +0.005 +0

which is equal to -0.095,



Dubins example

Compute R3y3:

Ja € [-0.01,0.01], Ixo € [-0.1,0.1], Fyo € [—0.1,0.1],
300 € [-0.01,0.01], Wb, € [-0.01,0.01], 3t € [0,0.5],
zZ = Lp(t;Xo,yo,eo, a, b1)

Hence, inner-approximation
and its upper bound:

Xc +7X,G +7x,x0 +7x,y0 +7x,90 +Qx,b1 +7X,l’
0 +0 401 40 4+0 —0.005 40.494999982

which is equal to 0.589999982. Therefore inner-approx [—0.095, 0.589999982].



Dubins example

Compute R3y3:

3a € [-0.01,0.01], 3xo € [~0.1,0.1], Tyo € [-0.1,0.1],
30 € [~0.01,0.01], Vby € [~0.01,0.01], 3t € [0,0.5],
Z= go(t;XO,yo,t%, a, b1)

Hence, outer-approximation
Lower bound outer-approximation for the x:

Xe +Qx,u +QX,X0 +Qx,yo +QX,90 +7X7b1 +Qx,t
=0 —-6.545100" —0.1 +0 -—1.309107°% +0 +0

which is equal to -0.1000019635,



Dubins example

Compute R3y3:

Ja € [~0.01,0.01], I € [0.1,0.1], Tyo € [~0.1,0.1],
300 € [—0.01,0.01], Wby € [~0.01,0.01], 3t € [0, 0.5],
zZ= SO(t;Xo,yo,eo, a, bT)

Hence, outer-approximation
and its upper bound:

Xc +6X,a +6x,x0 +6x,yo +6x,00 +lx,b1 +6x,t
=0 +6.54510"" +0.1 0 +1.30910°°® —0 +0.505

which is equal to 0.6050019635. Outer-approx [—0.1000019635, 0.6050019635].



Dubins example

Compute R3y3:

Ja € [~0.01,0.01], Ixo € [0.1,0.1], Tyo € [~0.1,0.1],
306 € [0.01,0.01], Wby € [—0.01,0.01], 3t € [0,0.5],
zZ= sD(t;Xo,)/(J,eo, a, b1)

And...

» fory the inner-approximation [—0.1, 0.1] and over-approximation
[—-0.1076309, 0.1076309],

» and for 0 the inner-approximation [—0.01, 0.01] and over-approximation
[-0.02,0.02].

Very close to results obtained by quantifier elimination (Mathematica), here with a
much smaller complexity.
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Last application: Dubins!
Space relaxation
Rgvg(gﬁ) = {(X,y, 19) | da € [70.0],0.01], dxo € [70.1,0.1]7
Jyo € [—0.1,0.1], 30 € [-0.01,0.01], Vby € [0.01,0.01],

3t € [0,0.5], 35, € [-1.309107,1.30910™*], 385 € [-0.005, 0.005],
(X7y7 6) = (p(t;x()uyoveovaa b1) + (0752763)}

For the inner-approximation, interpret:

v07 Vymveoy 7 Vbh V527 v537 7 X = SOX(t;X05y07907aab1)

¥a, Wxo, Yo, | Tyo |, ¥bi, Vs, ¥t, | 302 |, v = (£ %0, Y0, 00,0, br) + 62

VXQ, Vyo,, Vb1, V52, Vt, , 0= QDg(t;Xo,yo,eo,Cl,bﬂ +(53

[—0.0949993455, 0.5899993275] x [—0.0925,0.0925] x [—0.01,0.01] C Rava(p)

(timeout using quantifier elimination under Mathematica)
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Vector-valued functions: back to the example

Consider again:

filx, X2, X3,%) = 24+20+X+3x:+x
L6, X2, X3,%) = —1—x1— X2+ X3+ 5xa
Rava(f) = {z € R?|3x € [-1,1], ¥x2 € [-1,1], 3Ixs € [-1,1],

3X4 € [_171]7 zZ= f(X17X2>X37X4)}

Using the Fourier-Motzkin elimination procedure for x,:

I € [-1,1], Vx, € [-1,1], Iz € [-1,1],
2214+240+Xx+3x6 A2 <3+ 2+ x4+ 3x3
22> —6—X—X+X3N2<4—X—X2+X3

AT+ 11X + 6X2 1= 16X3 =521 — 2
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Example

Then eliminating x; gives:

1 5 4 1 13 5 4

—21—2—9—=-x—=x<0ANn——z+—+=-x+=-x2<L0

34 2 T3S 2 31+3+31+32,
/\21—6—2X]—X2§0/\Z]+2—2X1—X220

NZy=5+x1+Xx<0 ANn+T7T+x1+x >0
1 1
/\E(Szl —2—1N=11x3—6X,) < 3+24+X+3x: A E(SA —2—11=11x3—6X;) < 4—X1—X2+X3

1
A]+2X1+X2+3X3 S (521*Z2*.”*”X176X2)/\*67X1 —X2+X3 S ﬁ(521*Z2*”*”X176X2)

-
> =

And after lengthy calculations for eliminating x, and x; in turn, and simplifications, we
obtain exactly the zonotope which is the exact set Ry (f).

Too complex: use zonotope approximations



Zonotopes: a quick recap

A zonotope is the Minkowski sum of the line segments [—1, 1]g; in R".
Definition
Let X and Y be two subsets of R". The Minkowski sum X & Y is the subset of R” given by:

XeY={x+y|lxeX,yev}

Zonotopes are obviously closed under Minkowski sum. Are they closed under the
Minkowski difference, a pseudo-inverse of the operation of the Minkowski sum ?

Definition
Let X and Y be two subsets of R”. The Minkowski difference X © Y is the subset of R”

given by:
XoY={xeR"|{x}@Y CX}

As shown in [Althoff2015], zonotopes are not closed under the Minkowski difference,
unless in dimensions less or equal to 2, but there are algorithmic ways to inner and
outer-approximate the Minkowski difference of two zonotopes as a zonotope.
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Order 1 method

Intuitively, in the two-player game, replace interval computations for each component
on f by computation on polyhedras:

> widening with an interval is now Minkowski sum with a zonotope

» shrinking with an interval is now Minkowski difference with a zonotope

Theoretical complexity
» Minkowski sums and differences of general polyhedra can be doubly exponential
» Keeping things within zonotopes, as is the case in dimension 2, or with further
inner and outer-approximations such as the ones given in [Althoff15], makes

computations polynomial time.



Next

For next week: paper reading
» Inner and outer approximate quantifier elimination for general reachability
problems, E. Goubault and S. Putot, 2024

» longer version if details neeeded Inner and outer approximations of arbitrarily
quantified reachability problems, E. Goubault and S. Putot, 2026

» Who is presenting ?

Next week (Eric Goubault): From Sets to Geometry, Application to unbounded-time
reachability and controllability
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