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• h?Bb Bb K�BMHv ;QBM; iQ #2 �M BMi`Q/m+iQ`v i�HF BM +QM7Q`K�H T`2/B+iBQMX

• A rBHH i`v iQ b?Qr vQm i?�i BiǶb � p2`v bBKTH2 v2i TQr2`7mH K2i?Q/X

• A rBHH BMi`Q/m+2 Bi BM i?2 +QMi2ti Q7 Kv rQ`FX

• A rBHH �HbQ ;Bp2 vQm � ;HBKTb2 Q7 bQK2 `2bmHibX
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q?�i /Q A /Q\

h`�D2+iQ`v
T`2/B+iBQM

a�72iv
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TH�MMBM;

_2�H@iBK2
72�bB#BHBiv

Pm`
rQ`F
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q?�i /Q A /Q\
A /2p2HQT TH�MMBM; �H;Q`Bi?Kb i�FBM; T`Q#�#BHBbiB+ KQiBQM T`2/B+iBQMb Q7 Qi?2` i`�{+
T�`iB+BT�MibX h?2b2 �H;Q`Bi?Kb b?QmH/ #2 �#H2 iQ ;m�`�Mi22 b�72iv- r?BH2 #2BM;
`2�H@iBK2 72�bB#H2X

1;Q p2?B+H2

o2?B+H2 Q7 BMi2`2bi

Pi?2` p2?B+H2b

SH�MMBM; S`2/B+iBQM

GQ+�HBx�iBQM
S2`+2TiBQM

oBbm�HBx�iBQM
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6Q` i?Bb i�HF
:Bp2M i`�D2+iQ`v T`2/B+iBQMb BM K�;2Mi�- r2 r�Mi iQ +QKTmi2 p�HB/ T`2/B+iBQM `2;BQMb
BM #Hm2- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2 T`Q#�#BHBiv R � ↵ UT`Q#�#BHBiv i`m2 i`�D2+iQ`v Bb
BMbB/2 i?2 #Hm2 `2;BQMbVX
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G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K

:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

v = cos(t) +N (y, y.9)
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G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K

:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

q2 +�M i`�BM 7 mbBM; � bm#b2i Q7 D-
Di`�BM ⇢ DX

>Qr +�M r2 +?QQb2 � #�M/ [- bm+? i?�i,

P(vM+R 2 [7 (tM+R)�[, 7 (tM+R)+[]) � Ny%



3fj8

G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K

:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

:Bp2M i?2 `2bB/m�Hb /2}M2/ �b,

`B = |vB � 7 (tB)|

h?2 T`Q#H2K Bb 2[mBp�H2Mi iQ }M/BM; �
#�M/ [- bm+? i?�i,

P(`M+R  [) � Ny%

PM2 TQbbB#H2 bQHmiBQM Bb iQ mb2 i?2 Ny%
2KTB`B+�H [m�MiBH2 Q7 i?2 `2bB/m�HbX
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"`B27 `2+�T QM [m�MiBH2b
:Bp2M � /Bbi`B#miBQM 6 i?2 H2p2H � [m�MiBH2 Bb /2}M2/ �b 7QHHQrb- 7Q` w ⇠ 6 ,

Zm�MiBH2(�,6 ) = inf{x , P(w  x) � �}
6Q` �M 2KTB`B+�H /Bbi`B#miBQM s Ubm+? �b i?2 `2bB/m�Hb `B QM i?2 /�i�b2i .i`�BMV Bi +�M #2
/2}M2/ �b,

Zm�MiBH2(�,s) = Zm�MiBH2(�, R
M

MX

B=R
�tB )
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G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K

:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

:Bp2M i?2 `2bB/m�Hb /2}M2/ �b,

`B = |vB � 7 (tB)|

*QKTmi2 i?2 [ = Ny% 2KTB`B+�H [m�MiBH2
Q7 i?2 `2bB/m�Hb- 7Q` i?2 TQBMib BM Di`�BM-
�M/ i�F2 [7 (tM+R)� [, 7 (tM+R) + []X
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G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K
:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

:Bp2M i?2 `2bB/m�Hb /2}M2/ �b,

`B = |vB � 7 (tB)|

*QKTmi2 i?2 [ = Ny% 2KTB`B+�H [m�MiBH2
Q7 i?2 `2bB/m�Hb- 7Q` i?2 TQBMib BM Di`�BM-
�M/ i�F2 [7 (tM+R)� [, 7 (tM+R) + []X

PMHv 9y% +Qp2`�;2 QM � i2bi /�i�b2i Di2bi
/BbDQBMi rBi? Di`�BMUQMHv � b�KTH2 Q7 i?2
i2bi TQBMib Bb b?QrM BM i?2 BK�;2V5
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� HBiiH2 #Bi Q7 ?BbiQ`v

oH�/BKB` oQpF



Rjfj8

� HBiiH2 #Bi Q7 ?BbiQ`v

oH�/BKB` oQpF �H;Q`Bi?KB+ H2�`MBM; BM � _�M/QK qQ`H/
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G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K

:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

*QKTmi2 i?2 [ = Ny% 2KTB`B+�H [m�MiBH2
Q7 i?2 `2bB/m�Hb- 7Q` i?2 TQBMib BM D+�H - MQi
mb2/ 7Q` i?2 i`�BMBM; Q7 7 5 h?2M i�F2
[7 (tM+R)� [, 7 (tM+R) + []X

Ai rQ`Fb5
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G2iǶb +QMbB/2` � bBKTH2` T`Q#H2K

:Bp2M � /�i�b2i Q7 R@. TQBMib D = {(tR, vR), . . . , (tM, vM)}- r2 r�Mi iQ +QKTmi2 p�HB/
T`2/B+iBQM `2;BQMb 7Q` � M2r TQBMi v̂M+R = 7 (tM+R)- 7Q` � ;Bp2M /2bB`2/ +Qp2`�;2
T`Q#�#BHBiv R � ↵ = Ny%X

*QKTmi2 i?2 [ = Ny% 2KTB`B+�H [m�MiBH2
Q7 i?2 `2bB/m�Hb- 7Q` i?2 TQBMib BM D+�H - MQi
mb2/ 7Q` i?2 i`�BMBM; Q7 7 5 h?2M i�F2
[7 (tM+R)� [, 7 (tM+R) + []X

Ai rQ`Fb5
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aTHBi +QM7Q`K�H T`2/B+iBQM
• *QKTmi2 i?2 `2bB/m�Hb `B = |7 (tB)� vB | mbBM; i?2 T�B`b (tB , vB) BM i?2 +�HB#`�iBQM

/�i�b2i D+�H X
• aQ`i i?2 `2bB/m�Hb BM �b+2M/BM; Q`/2`, `(R)  `(k)  · · ·  `(M)X
• :Bp2M � K�t 2``Q` T`Q#�#BHBiv Q7 ↵- b2H2+i i?2 [R�↵ = d(M + R)(R � ↵)e@i? `2bB/m�H

BM �b+2M/BM; Q`/2`X
• h?2 T`2/B+iBQM b2i Bb i?2 b2i Q7 H�#2Hb v bm+? i?�i |7 (t)� v |  [R�↵X JQ`2

2tTHB+BiHv [7 (t)� [R�↵, 7 (t) + [R�↵]X
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aTHBi +QM7Q`K�H T`2/B+iBQM

• h�F2 �Mv K2�bm`�#H2 b+Q`2 7mM+iBQM b(t , v) U`2bB/m�H r�b ` = |7 (t)� v |-
rBi? 7 i?2 T`2/B+iQ` i`�BM2/ BM Di`�BMVX

• *QKTmi2 i?2 R � ↵ [m�MiBH2 Q7 i?2 b+Q`2b QM i?2 +�HB#`�iBQM /�i�b2i
UZm�MiBH2(R � ↵,D+�H)VX

*̂(t) = {v bXi b(t , v)  Zm�MiBH2(R � ↵,D+�H)}

h?2Q`2K (oQpF- :�KK2`K�M- a?�72` kyy8)

P
n

u 2 *̂(s)
o
� R � ↵

>QH/b �b HQM; �b i?2 M2r /�i� (s ,u ) Bb 2t+?�M;2�#H2 rBi? i?2 +�HB#`�iBQM /�i�b2i D+�H X
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aTHBi +QM7Q`K�H T`2/B+iBQM @ S`QQ7

:Bp2M � b2[m2M+2 Q7 `�M/QK p�`B�#H2b,

_R,_k, . . . ,_M,_M+R, . . .

amTTQb2 i?�i �Mv T2`Kmi�iBQM Bb 2[m�HHv HBF2HvX h?�i Bb i?2 b2[m2M+2 Bb 2t+?�M;2�#H2-
KQ`2 7Q`K�HHv,

P {_R  `R,_M+R  `M+R, . . . } = P
�

_⇡(R)  `R,_⇡(M+R)  `M+R, . . .
 

6Q` �HH T2`Kmi�iBQMb- ⇡ �M/ �HH `B X
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aTHBi +QM7Q`K�H T`2/B+iBQM @ S`QQ7

h?Bb K2�Mb i?�i _M+R Bb 2[m�HHv HBF2Hv iQ #2 �KQM; i?2 F bK�HH2bi p�Hm2b �KQM;
_R, . . . ,_M+RX amTTQb2 i?�i _B �`2 /Bz2`2Mi �HKQbi bm`2Hv i?Bb i`�MbH�i2b iQ,

P {_M+R Bb �KQM; i?2 F bK�HH2bi BM _R, . . . ,_M+R} =
F

M + R
q?B+? Bb 2[mBp�H2Mi iQ,

P {_M+R Bb �KQM; i?2 F bK�HH2bi BM _R, . . . ,_M} =
F

M + R

h�FBM; F = d(M + R)(R � ↵)e r2 ?�p2,

P {_M+R Bb �KQM; i?2 F bK�HH2bi BM _R, . . . ,_M} =
d(M + R)(R � ↵)e

M + R
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aTHBi +QM7Q`K�H T`2/B+iBQM @ S`QQ7

q2 ?�p2,

P {_M+R Bb �KQM; i?2 F bK�HH2bi BM _R, . . . ,_M+R} 2 [R � ↵, R � ↵+ R/(M + R))

q2 +�M i`�MbH�i2 r?�i Bb BMbB/2 P iQ,

[ = Zm�MiBH2
 
d(M + R)(R � ↵)e

M ,
R
M

MX

B=R
�_B

!

6BM�HHv- r2 +�M r`Bi2,

R � ↵  P {_M+R  [} < R � ↵+
R

M + R
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>Qr iQ +?QQb2 i?2 +�HB#`�iBQM /�i�b2i bBx2\

.Q2b i?�i K2�M i?�i r2 +�M mb2 �Mv +�HB#`�iBQM /�i�b2i bBx2\ q?�i ?�TT2Mb B7 r2 mb2
� p2`v bK�HH +�HB#`�iBQM /�i�b2i\
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>Qr iQ +?QQb2 i?2 +�HB#`�iBQM /�i�b2i bBx2\

.Q2b i?�i K2�M i?�i r2 +�M mb2 �Mv +�HB#`�iBQM /�i�b2i bBx2\ q?�i ?�TT2Mb B7 r2 mb2
� p2`v bK�HH +�HB#`�iBQM /�i�b2i\
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>Qr iQ +?QQb2 i?2 +�HB#`�iBQM /�i�b2i bBx2\
*QM/BiBQM�H QM i?2 /�i� Q7 i?2 +�HB#`�iBQM /�i�b2i- i?2 +Qp2`�;2 Bb /Bbi`B#mi2/ �b,

P
n

u 2 *̂(s) | (sB ,uB) 2 D+�H
o
⇠ "2i�(F, M � F + R)

qBi? F = d(M + R)(R � ↵)eX
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>Qr iQ +?QQb2 i?2 +�HB#`�iBQM /�i�b2i bBx2\
*QM/BiBQM�H QM i?2 /�i� Q7 i?2 +�HB#`�iBQM /�i�b2i- i?2 +Qp2`�;2 Bb /Bbi`B#mi2/ �b,

P
n

u 2 *̂(s) | (sB ,uB) 2 D+�H
o
⇠ "2i�(F, M � F + R)

qBi? F = d(M + R)(R � ↵)eX

M UbBx2 Q7 .+�HV +Qp2`�;2 +Q``2+i Yf@8W
Ry yXk9
Ryy yXe3
Ryyy yXNN
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*QM7Q`K�HBx2/ [m�MiBH2 `2;`2bbBQM

AM i?2 b�K2 bTB`Bi- r2 +�M i`v iQ }M/ �/�TiBp2 #QmM/bX PM2 TQbbB#BHBiv Bb iQ i`�BM Qm`
T`2/B+iQ` 7 iQ QmiTmi [m�MiBH2b �b Bi Bb /QM2 rBi? i?2 [m�MiBH2 `2;`2bbBQM,

AM i?Bb +�b2- i?2 QmiTmib Q7 Qm` T`2/B+iQ` �`2 ;Bp2M #v 7 (t) = {7↵
k
(t), 7R�↵

k
(t)}
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*QM7Q`K�HBx2/ [m�MiBH2 `2;`2bbBQM

h?Bb +�M #2 2�bBHv �+?B2p2/ 7Q` �Mv H2�`MBM; #�b2/ T`2/B+iQ` #v Dmbi mbBM; i?2 TBM#�HH
HQbb,

L↵(v , 7 (t)) =
(
↵(v � 7 (t)) B7 v > 7 (t)
(R � ↵)(7 (t)� v) Qi?2`rBb2

lbBM; i?2 7QHHQrBM; +QM7Q`KBiv b+Q`2,

b(t , v) = max
n

v � 7↵
k
(t), 7R�↵

k
(t)� v

o

q2 +�M- MQr +QKTmi2 i?2 [m�MiBH2 [ �M/ #mBH/ Qm` +QM7Q`K�H T`2/B+iQ`X
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*QM7Q`K�HBx2/ [m�MiBH2 `2;`2bbBQM
Pm` +QM7Q`K�H #�M/b rBHH #2 ;Bp2M #v,

*̂(t) =
h
7↵

k
(t)� [, 7R�↵

k
(t) + [

i

h?Bb K2i?Q/ Bb BMi`Q/m+2/ #v _QK�MQ 2i �HX UkyRNVX >2`2 �`2 bQK2 Q7 i?2B` b?Qr+�b2
`2bmHib,
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>Qr iQ /2�H rBi? iBK2 b2`B2b\

*QM7Q`K�H T`2/B+iBQM 7Q` iBK2 b2`B2b r�b BMi`Q/m+2/ #v ai�MF2pB+Bmi2 2i �HX UkykRVX
aQK2 Qi?2` rQ`F ?�b 7QHHQr2/ i?2 b�K2 B/2� �b r2HHX

:Bp2M � /Bb+`2i2 iBK2 b2`B2b Q7 H2M;i? M- 7Q` bBKTHB+Biv- Q7 `2�H p�Hm2b,

(vR, . . . , vM)

q2 r�Mi iQ T`2/B+i i?2 p�Hm2b 7`QK vK+R iQ vM- ;Bp2M i?2 p�Hm2b 7`QK vR iQ vKX h?Bb
Bb /QM2 pB� � M2m`�H M2irQ`F rBi? K BMTmib �M/ M � K QmiTmib,

7 (vR, . . . , vK) = (v̂K+R, . . . , v̂M)



k3fj8

>Qr iQ /2�H rBi? iBK2 b2`B2b\

h?2 B/2� Bb iQ #mBH/ QM2 +QM7Q`K�H T`2/B+iQ` 7Q` 2�+? QmiTmi- Q7 i?2 M2m`�H M2irQ`F-
BM/2T2M/2MiHvX Pm` +QM7Q`K�H T`2/B+iQ` rBHH HQQF HBF2,

*̂(vR, . . . , vK) =
⇣

*̂K+R(vR, . . . , vK), . . . , *̂M(vR, . . . , vK)
⌘

6Q` � +Qp2`�;2 Q7 R� � 7Q` 2�+? BM/BpB/m�H T`2/B+iQ`- 2�+? rBHH ?�p2 �M 2``Q` T`Q#�#BHBiv
Q7 �X h?2`27Q`2 i?2 T`Q#�#BHBiv Q7 �i H2�bi QM2 2``Q` Q#2vb i?2 7QHHQrBM; ;Bp2M "QQH2Ƕb
BM2[m�HBiv,

P
( M[

B=K+R
v̂B /2 *̂B(vR, . . . , vK)

)


MX

B=K+R
P
n

v̂B /2 *̂B(vR, . . . , vK)
o

h?2 T`Q#�#BHBiv Q7 �i H2�bi QM2 2``Q` Bb �i H2�bi �(M � K)X aQ B7 r2 r�Mi �HH T`2/B+iBQMb
iQ #2 p�HB/ Uim#2 �`QmM/ Qm` T`2/B+iBQMV r2 r�Mi iQ +?QQb2 � = ↵

(M�K) .
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>Qr iQ /2�H rBi? iBK2 b2`B2b\

�TTHvBM; i?Bb B/2� iQ h`�D2+i`QMYY rBi? � iBK2 bi2T Q7 yX8b- r2 ?�p2,

h�#H2 R, S`2/B+iBQM b2i bBx2b 7Q` � R � ↵ = NyW

tUKV vUKV iUbV
yX333e yXR33R yX8
RX8Ne8 yXj8ky RXy
kXkk9e yX8kd8 RX8
jXy33R yXd8y8 kXy
9XkkkN RXy9RR kX8
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>Qr iQ /2�H rBi? iBK2 b2`B2b\

A7 7mHH +Qp2`�;2 Bb MQi `2[mB`2/ h`�D2+i`QMYY rBi? � iBK2 bi2T Q7 yX8b- r2 ?�p2,

h�#H2 k, S`2/B+iBQM b2i bBx2b 7Q` � R � ↵ = NyW

tUKV vUKV iUbV
yX8j98 yXydRR yX8
yXdked yXR98j RXy
RXy88k yXkyey RX8
RX88k9 yXkNNN kXy
kXRkek yXjedk kX8
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aQK2 bimz A /B/ MQi +Qp2`

• *QM7Q`K�H T`2/B+iBQM 7Q` +H�bbB}+�iBQM , �/�TiBp2 T`2/B+iBQM b2ibX

• lb2 T�`i Q7 +�HB#`�iBQM /�i� 7Q` i`�BMBM;, 6mHH +QM7Q`K�H T`2/B+iBQM-
*`Qbb@*QM7Q`K�H S`2/B+iBQM- *oY- �M/ C�+FFMB72YX

• PMHBM2 mT/�i2b, _QHHBM; _* �M/ �/�TiBp2 +QM7Q`K�H T`2/B+iBQMX

• *QM7Q`K�H T`2/B+iBQM r?2M r2 7�+2 /Bbi`B#miBQM b?B7ib, *QM7Q`K�H T`2/B+iBQM mM/2`
i?2 +Qp�`B�i2 b?B7iX
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*QM+HmbBQMb

h�F2�r�vb,
• 1�bv iQ BKTH2K2Mi �M/ 2{+B2MiX
• S`QpB/2b p�HB/ ;m�`�Mi22b rBi? }MBi2 b�KTH2bX
• �+iBp2 �`2� Q7 `2b2�`+?- HQib Q7 M2r T�T2`b T2` v2�`X
• lb2/ BM rQ`H/ b+2M�`BQbX

"2 �ii2MiBp2 iQ,
• .Bbi`B#miBQM b?B7ib Q` �Mvi?BM; i?�i #`2�Fb i?2 2t+?�M;2�#BHBiv �bbmKTiBQMX
• *QM/BiBQM�H p�HB/Biv +QmH/ #2 � T`Q#H2KX
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_272`2M+2b A
�H;Q`Bi?KB+ G2�`MBM; BM � _�M/QK qQ`H/X L2r uQ`F, aT`BM;2`@o2`H�;- kyy8X Bb#M,

Nd3@y@j3d@yyR8k@9X /QB, RyXRyydf#RyedR8X m`H,
?iiT,ffHBMFXbT`BM;2`X+QKfRyXRyydf#RyedR8 UpBbBi2/ QM ykfRjfkykjVX

ǳ*QM7Q`K�H hBK2@b2`B2b 6Q`2+�biBM;ǴX AM, �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM;
avbi2KbX oQHX j9X *m``�M �bbQ+B�i2b- AM+X- kykR- TTX ekReĜekk3X m`H,
?iiTb,ffT`Q+22/BM;bXM2m`BTbX++fT�T2`fkykRf?�b?f
jRk7R#�k�dkjR32/���NN8�ed3j87�/8@�#bi`�+iX?iKH UpBbBi2/ QM ydfkefkykjVX

ǳ*QM7Q`K�H S`2/B+iBQM lM/2` *Qp�`B�i2 a?B7iǴX AM, L2m`�H AM7Q`K�iBQM S`Q+2bbBM;
avbi2KbX �T`X R- kyRNX m`H,
?iiTb,ffrrrXb2K�MiB+b+?QH�`XQ`;fT�T2`f*QM7Q`K�H@S`2/B+iBQM@lM/2`@
*Qp�`B�i2@a?B7i@hB#b?B`�MB@
"�`#2`f7y32Rj/e8+#Rd38e9kd#9kN/dN7yRNkk839�e7yR UpBbBi2/ QM ydfy9fkykjVX

*QM/BiBQM�H o�HB/Biv Q7 AM/m+iBp2 *QM7Q`K�H S`2/B+iQ`bX a2TiX k9- kyRkX �`sBp,
RkyNXkedj (+b)X m`H, ?iiT,ff�`tBpXQ`;f�#bfRkyNXkedj UpBbBi2/ QM
ydfyjfkykjVX T`2T`BMiX
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_272`2M+2b AA

ǳ*QM7Q`K�HBx2/ Zm�MiBH2 _2;`2bbBQMǴX AM, L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2KbX
J�v 3- kyRNX m`H, ?iiTb,
ffrrrXb2K�MiB+b+?QH�`XQ`;fT�T2`f*QM7Q`K�HBx2/@Zm�MiBH2@_2;`2bbBQM@
_QK�MQ@S�ii2`bQMfe7N/+e738RN2Nkd/N93�Rj��d�2y/7jje799j2#N UpBbBi2/ QM
ydfk9fkykjVX

ǳ�/�TiBp2 *QM7Q`K�H S`2/B+iBQM 7Q` JQiBQM SH�MMBM; �KQM; .vM�KB+ �;2MibǴX
o2`bBQM RX AM, UkykkVX /QB, RyX9388yf�_sAoXkkRkXyykd3X m`H,
?iiTb,ff�`tBpXQ`;f�#bfkkRkXyykd3 UpBbBi2/ QM ykfy3fkykjVX

ǳh`�D2+i`QMYY, JmHiB@�;2Mi :2M2`�iBp2 h`�D2+iQ`v 6Q`2+�biBM; qBi? >2i2`Q;2M2Qmb
.�i� 7Q` *QMi`QHǴX AM, �`sBp UC�MX N- kykyVX m`H,
?iiTb,ffrrrXb2K�MiB+b+?QH�`XQ`;fT�T2`fh`�D2+i`QMWk"Wk"Wj�@JmHiB@
�;2Mi@:2M2`�iBp2@h`�D2+iQ`v@7Q`@a�HxK�MM@
Ap�MQpB+fy2eR+j��#j��/Nej72�++NR8�kj+#RNe8#R8keed UpBbBi2/ QM
yRfRNfkykjVX
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_272`2M+2b AAA

� :2MiH2 AMi`Q/m+iBQM iQ *QM7Q`K�H S`2/B+iBQM �M/ .Bbi`B#miBQM@6`22 lM+2`i�BMiv
Zm�MiB}+�iBQMX .2+X d- kykkX /QB, RyX9388yf�`sBpXkRydXyd8RRX �`sBp,
kRydXyd8RR (+b- K�i?- bi�i)X m`H, ?iiT,ff�`tBpXQ`;f�#bfkRydXyd8RR
UpBbBi2/ QM RRfRjfkykjVX T`2T`BMiX

_v�MiB#bfai�iH2�`M@akj, *Qm`b2 J�i2`B�Hb 7Q` �/p�M+2/ hQTB+b BM ai�iBbiB+�H G2�`MBM;-
aT`BM; kykjX m`H, ?iiTb,ff;Bi?m#X+QKf`v�MiB#bfbi�iH2�`M@bkjfi`22fK�BM
UpBbBi2/ QM RRfRjfkykjVX
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q?�i �#Qmi +H�bbB}+�iBQM T`Q#H2Kb\

:Bp2M � b2i Q7 H�#2Hb Y = {+�i, /Q; , ?�Kbi2`}- M2m`�H M2irQ`Fb �`2 �#H2 iQ QmiTmi
2biBK�i2b Q7 i?2B` HBF2HB?QQ/b 7 (t) = {T̂+�i , T̂/Q; , T̂?�Kbi2`},

>Qr iQ T`QpB/2 b�72 T`2/B+iBQM b2ib BM bm+? b+2M�`BQb\
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�/�TiBp2 T`2/B+iBQM b2ib
�Sa @ �/�TiBp2 T`2/B+iBQM b2ib U_QK�MQ 2i �HX UkykyV �M;2HQTQmHQb 2i �HX UkykRVV
bQHp2b i?Bb Bbbm2X
q2 /2}M2 ⇡ iQ #2 � T2`Kmi�iBQM r?B+? bQ`ib i?2 QmiTmib Q7 i?2 T`2/B+iQ`
7 (t) = {T̂R, . . . , T̂E} BM /2+`2�bBM; Q`/2`X Pm` +QM7Q`K�H T`2/B+iQ` rBHH #2,

*̂(t) =
�

T̂⇡(R), . . . , T̂⇡(F)
 

q?2`2 F Bb +?Qb2M bm+? i?�i r2 ?�p2 � +mKmH�iBp2 bmK mMiBH r2 `2�+? i?2 [m�MiBH2 [
Qp2` i?2 +QM7Q`KBiv b+Q`2b +Q``2bTQM/BM; iQ R � ↵ +Qp2`�;2,
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�/�TiBp2 T`2/B+iBQM b2ib

h?2 [m�MiBH2 [ Bb +?Qb2M �b T`2pBQmbHv,

[ = Zm�MiBH2
 
d(M + R)(R � ↵)e

M ,
R
M

MX

B=R
�bB

!

h?2 +QM7Q`KBiv b+Q`2b bB �`2 /2}M2/ �b,

b(t , v) =
FX

D=R
T̂⇡(D) r?2`2 v = ⇡(F)
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>Qr iQ K�F2 i?2 +Qp2`�;2 +Q``2+i T2` +H�bb

q2 rBb? i?�i- BM i?2 +H�bbB}+�iBQM b2iiBM;- r2 +QmH/ ?�p2 i?2 +Qp2`�;2 ;m�`�Mi22b T2`
+H�bb- KQ`2 7Q`K�HHv,

P
n

u 2 *̂(s) | u = v
o
� R � ↵

A7 Y = {aB+F,>2�Hi?v}- r2 rQmH/ HBF2 iQ ?�p2 T`2/B+iBQM b2ib p�HB/ BM/2T2M/2Mi Q7 i?2
i`m2 H�#2HX

aB+F >2�Hi?v
h2bi SQbBiBp2 eyW 9yW
h2bi L2;�iBp2 RyW NyW
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>Qr iQ K�F2 i?2 +Qp2`�;2 +Q``2+i T2` +H�bb

A7 r2 /2}M2 i?2 [m�MiBH2b T2` +H�bb �b,

[F = Zm�MiBH2

0

@d(MF + R)(R � ↵)e
MF ,

R
M

MFX

B=R
�bF

B

1

A

q?2`2 i?2 bmT2`b+`BTi F /2MQi2b `2bi`B+ib i?2 b�KTH2b BM D+�H iQ i?2 +H�bb FX q2 +�M
/2}M2 � +H�bb +QM/BiBQM�H p�HB/ +QM7Q`K�H T`2/B+iQ` �b,

*̂(t) = {v bXi b(t , v)  [v}



j8fj8

q?�i 2Hb2 +QmH/ r2 r�Mi\

AMbi�M+2 +QM/BiBQM�H p�HB/Biv,

P
n

u 2 *̂(s) | s = t
o
� R � ↵

lM7Q`imM�i2Hv- i?�iǶb BKTQbbB#H2 ,U

G2B �M/ q�bb2`K�M UkyR9V Ę�Mv T`2/B+iBQM #�M/ r?B+? +H�BKb iQ +Qp2` �i
�HKQbi 2p2`v TQBMi- 7Q` 2p2`v DQBMi /Bbi`B#miBQM- Kmbi #2 BM}MBi2 BM bBx2 Ę
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"mi MQi 2p2`vi?BM; Bb HQbi
:`QmT +QM/BiBQM�H p�HB/Biv,

P
n

u 2 *̂(s) | s 2 GB
o
� R � ↵

:Bp2M � T�`iBiBQM Q7 i?2 BMTmi bT�+2 GR, . . . ,GF X q2 +�M /2}M2 � ;`QmT +QM/BiBQM�H
p�HB/ +QM7Q`K�H T`2/B+iQ` �b,

*̂(t) = {v bXi b(t , v)  [;}


