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Dependent Types



A Adding sum and product types to A—

T = a|TT|TxT | T+T

t o= x| Axt | tt | (L 1) [ mo(t) | ma(t) | i(t) | j(t) | O(t, x.t, x.t)
Axtu D t[x\u] —t:A  FUu:B
m1(t, u) >B t - (t,u): Ax B
T[z(t, U) >|3 U

—t:AxB —t:AxB
- mi(t) C A - 112(t) : B




Adding sum and product types to A— (2)

T = a|TT|TxT | T+T

t o= x| Axt | tt | (L 1) [ mo(t) | ma(t) | i(t) | j(t) | O(t, x.t, x.t)
Axtu Dp t[x\u] LA _U-B
Mt u) D (1) A+ B - j(U): A + B
ﬂz(t,U) >B U

S(i(t), x*.u, y®.v) D U[XA\T
o(j(t), x*u, y*.v) D V[yB\t

—Ft:A+B FuCrvC

- &(t, x*.u, y°.v) : C




Normalization of A= x +

A x B
A+ B

{teSN | tD>*(u,v) = uelAlAvel|B| ]
{te SN tD>*iu) = uelA) A tD*j(v) = velB| }

N = terms which are not of the form: A x.t, (u,v), i(u) or j(v)

In general, the metatheory follows the same schemes: inversion lemmas, type
inference, subject reduction, normalization...



Time to switch to contexts for typing

£ (xA)el [ (X:A)F1:B [ Ft:A=>B T FHU:A
FEXTA T - AXA t:A—> B -tu:B

=t A [—u:B [ =t A T~u:B
[ (t,u) : A x B [ —ig(t): A+ B M+ ja(t) : A + B

-t:AxB FUAXB Tet:A+B  T(xA)FuC T(y:B)Fv:C
[ ()t A [+ mo(t) - B T+ 5(t, x.u, y.v) : C

Annotations to keep type uniqueness / type inference

{Given I and t, one can decide whether there exists T s.t. [+ t:T



Heyting's semantics

A (canonical)

oroof of... - 15
» AAB (a, b) where a is a proof of A, b a proof of B
» AvB (€, c) with e=0 and c proof of A or e=1 and ¢ proof of B
» A=1B f, with f(a) proof of B for any proof a of A
b vx A f, with f(t) : A[x\t] for any object t

» I x A (t, @) with a a proof of A[x\t]



Heyting's semantics

A (canonical)

oroof of... - 15
» AAB (a, b)) wherea: A, b:B
» Av B (e, c)withe=0andc: Aore=1andc:B
» A=B f, with f(a) : B forany a: A
y v x A f, with f(t) : A[x\t] for any object t

» I X A (t, 8.) with a : A[X\t]



Implicational Fragment

M x A TA)ED Axiom  —=——if (x: A)eT
T (X:A)H1:B L F(X:A)F 1B
T—AXA.1:A—B [FAXA. t:A=D

[ Ft:A=>B T RFU:A RN [—1:A=B [ +HUIA

'Htu:B [—tu:B



LF aka AP

"Wf I'=T:s [ wit [" wi
' (xT)wf Tkx:T I+ Type: Kind

' A : Type ' (x:A) - B:s I't: A TI'kA:s
I'IIx:A.B:s I'-t:B

A =B

'FIIx:A.B:Type TI(xxA)r-t:B 't:IIx:A.B I'u:A
F'FAx:At:IIx:A.B ' (tu):B[x\ u




Metatheory

No unicity of typing ! (modulo only beta-conversion)
1. I'A wt =T wi and I'-t:T = T'A+ t:T
2.I'xT) A uU A T'HtT = TAlx\t] - ulx\t]|: Ulx\t]
and TI'(xxT)Awf A T'=t.T = TAlx\t|] wf

3.Inversion lemma :

yf T'=x: T then (x:T?) eI’y T=gT" and I' = T" : s
yIf T' = A x:At : B then B= I x:A.C and I'x:A) =t :C
pif T' = (tu) : C then 'Ht:1IxAB I'u: A and C =g B|x\ uy]

pf ' IIx:A.B: T then T'= A: Type, I'x:A)- B:s and T=s

f I'=t: T and I' =t : U thenT =3 U



Adding disjoint sum types

ti=x | Ax:t.t | (tt) | OIx:t.t | t+t | i(t) | jt(t) | o(t, t, t)
t

I' A:Type I' B : Type I'- A+B: Type TI't: A
'~ A+B : Type I'-i(t) : A+B
B
I'- A+B: Type I'-t:B
[ - ‘]A(Lt) . A+B

I'Ft:A4+B I'FC:Type I'Fu:A—»C I'-v:B— C

'~ o(t,u,v) : C

for decidability of type checking / inference



Adding Sigma types
ti=x | Ax:t.t | (¢t) | Ix:t.t | t+t | i(t) | jit) | 8¢, t, t)

Y x:t.t ] (;,Xt)tl m(t) | w,(t)

Y. x: A . B written AxB

' A: Type I'(x:A)- B : Type when x& FV(B)

I' X x:A.B: Type

[FYXx:A.B:Type TI'+t:A TFu:Blx)\t

' (t,u):Xx:A.B
Y»x:A.B

I't:2Xx:A.B I't:2Xx:A.B
I'Em(t): A [' = ma(t) : Blx \ = (t)]

for decidability of type checking / inference



Metatheory (2)

1. A wf=T"wt and I'+ t:T = I'Ar t:T
2.I'xT) A uU A T'HtT = TAlx\t] - ulx\t]|: Ulx\t]
and T'(xxT)Awf A T'=tT = T'Alx\t|] wf

3.Inversion lemma :

pif T'=x: T then (x:T) eI’y T=gT" and I' = T’ : s
yIf T' = A x:A.t : B then B= [I x:A.C and I'(x:A) -t :C
pif T'= (tu) : C then 't:IIxAB I'-u:A and C =g Bl[x\ u]

pf ' IIx:A.B: T then T'= A: Type, I'x:A)- B:s and T=s
yIf ' (t,u)seas : C then T t:A) ' wBx\u|, C = X x:A.B
pf ' ¥ xAB: T then T'= A: Type, I'(x:A)F B :s and T=Type

f '=t: T and I'=t:U thenT = U (same for A+B)



L

"Wf I'=T:s [ wit [" wi
' (xT)wf Tkx:T I+ Type: Kind

' A : Type ' (x:A) - B:s I't: A TI'kA:s
I'IIx:A.B:s I'-t:B

A =B

'FIIx:A.B:Type TI(xxA)r-t:B 't:IIx:A.B I'u:A
F'FAx:At:IIx:A.B ' (tu):B[x\ u




Stratification

f I' wf and (x:T)el’, then I'= T's
Let us write (a:K) when K:Kind and (x:T) when T:Type

f ' t:T, then I'= T:s (or T=kind)
Let us write T:K when K:Kind and t:T when T:Type

We have a stratitication of (typed) terms:

- Kind Kind

- K : Kind (kinds) Type, I x: T. K, lIx:T.... 1lIx,1, Type
_ T:K (predicates) o, IIxT.T, (Tt), AxT.T,

- t: T (proofs) X, (t1 t2)7 A x:T.t




Erasing type dependencies

- Kind Kind

- K : Kind (kinds) Type, II'xT. T, (Tt), AxT.T,
- T:K (predicates) o, (Tt), IxT.T,

- t: T (proofs) x, (t,t,), AxT.t

We map predicates to simple types:

o=a x| = x
[IxT.T=T — T, hx:T.t| = A xT.|t]
Tt=T  AxT.T, =T, t, 8] = [t [t,

ft:T then |[t|: T If tD>,t then [t| D, [t)] or |t|=]|t
B B



Strong Normalization

x| = x
T — T, A xT.t| = A xT.(n B8] |[T])
. _m t,.t.| = |t | |t
\x:T.T,=T, RARRIANA
I'(xT) =T (x:T) ['(«K) = T'(e:Type)(K)

Predicates: o, IIxT. T~ (Tt), AxT.T,
ol = o

Ttf=[T]t]

AxiT . T | =xxT.|T
IxT.T)=xxT.T,) |T|

f t Dgt), then [t De |t




