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Motivations / Introduction

(on the blackboard)

note to self: start with definitional / propositional equality
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—Ft:A—=2B HuUu:A —1:B

mxd —tu B — A"t A = B

One rule per form:
» x*: B = A=B

»tu:B=3A.t: A= B and UA
» AX't:C=3B.C=A-B,t:B



Two simple properties of simply typed A-calculus

» Subject reduction:if t: A and ts=gt" then t': A

» Strong normalization: if t: A, there is no infinite sequence
t>B tl =B tz =B t3 =B t4

Alternative inductive definition: SN is the smallest set of terms such that:
(Vu, t=gu = ueSN) = teSN

Proof: in part 2




A very simple model

For each atomic type q, take a set U(a)

Define lal = U(a)
|IA— B| = |B|Al (total set-theoretical functions)
Given £ s.t. J(x*) € |A| we define foreveryt:B, [t # € |B]
4 ‘XB‘j = j(XB)
v[(tu)l 7 = [t #((ul #)

YAy = VEIA] » [t g0 ey

|s this linked to normalization ?



A very simple model (2)

It we add the possibility for non-terminating functions :
Ya: (A=A = (A= A) > (A A) st. YaF = F(YaF)

F (Ao A) > (Ao A)
YF : (A— A)
F(YF): (Ao A)

correspondsto  letrect(x:A)=...(f1)... (fu)...

What happens with the model ?
PPETS W [Ya| is not (totally) defined



Normal terms in simply typed calculus

Normal A-terms; X, AX.N, AX{.AXp.Nn ...
(XN1 Ny ... Np)
iNntheend : A X1 A Xo. ... AXk. (XN1 N2 ... Npy)

Consider the following signature :

O:,S: 12, + X111 what terms f:1—= 1 can we construct 7
S (+n) (xn)
A XL N
AX .0
(Sn)
(+ N1 Ny) only polynomials (with constant exponents)
(X N1 Ny)




Higher-Oder Logic

Aka Simple Theory of Types Church 1940

Two atomic types : (natural numbers) and o (propositions)
Constants: O:i, S:12 1, + X121

= .0—>20—0

vr:(T = 0)—0 Propositions are objects

[ wi — A: 0O
[] wi W Ax Y Aer

A wi = A




Higher-Oder Logic : rules

Ax [ wi £ Al A B ' mFA=B [ A
[~ A [ mA=18 T B
Y(=>AB)
= A -
f x & FV(T) [ VT A -1
[ = v XA [ = (At)
Y(VTAXT.A)
A A :0
it A=A
A

fI'—= A thenl wt and+~ A: o0




HOL : defining connectives

1 = v Xo, Xo
A Ac. A Bo. v Xo. (Ao= Bo = X0) = Xo
A Ao, A Bo. v Xo. (Ao= Xo) = (B0 = X0) = Xo

These are inductive definitions
elim rules "for free". We need to prove the intro rules

A XT.AyT. v PT=0 (P xT) = (P yT)



Existential

31 = APT=0 v Xo. (v xT. (P xT) = X0) = Xo



Inductive properties

= = AXLAYL VP70 (PxT) = (PyT)
What about ;

="' = AXLAYLVRI=T=0o (vzT.RZzT zT) = (R xT yT)



Inductive properties

How do we talk about xv ?
hink of a function as a relation

(Expn O 1)
(Exonmr)=(Expn(Sm)(nxr))

ExXp = An.Am.Ar. VR.
(RO1)=

(vbc.(Rbc)=(R(Sb)(nxc))) =

Rmr



Naming functions: Hilbert operator

e(P) 'The" object verifying P ("choice operator")

Using €& is not (really) intuitionistic (see Coqg exercise)



