
Foundations of Proof Systems

Exercises

Sept. 25th 2026

1 System T

We recall System T is simply-typed λ-calculus with the constants :

0 : N
S : N→ N

RT : T→ (N→ T→ T)→ N→ T (for any type T)

and the usual reduction rules for RT.

Question 1 Define addition and multiplication in T.

Question 2 Define Ackermann’s function in System T, that is a function of type N →
N→ N such that :

A 0 m = S(m)
A S(n) 0 = A n S(0)

A S(n) S(m) = A n (A S(n) m)
⋄

2 Deduction Modulo

Let P and Q be two proposition symbols (that is two predicate symbols of arity 0)
and consider the theory in Deduction modulo theory, formed with the rewrite rule

P −→ (P⇒ Q)

Question 3 Give a proof of Q in this theory ⋄

Question 4 Does this proposition have a cut-free proof? ⋄



3 Heyting Arithmetic

Question 5 Can one prove in HA

∀x.∃y.x = y + y ∨ x = S(y + y) ?

What may the cut-free proof end with? ⋄

Question 6 Consider a cut-free proof of the following consequence of this proposition :

∃y.6 = y + y ∨ 6 = S(y + y).

How does the proof end? Can you give the full proof? ⋄
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