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Realizability

A A-term realizes a proposition t - A (interpretation of variables 9(x)

Here we take for t the language of system T with prods and sums, but not necessarily typec
(other choices are possible).

t k; AAB & t>g" (a,b), alk;A and b, B
tkF;AVB o (tDgli(a) A alkgA) or (tDg j(b) A b kg B)
tik A=B o YU kg A, (tu) -, B
tIkgNn=m <& tDg () and ng=prm;,

t g L never true (no realizer of 2=3)
tiFg VXA & vn, (tn) Ik A[x \ n]
tiH;AX A & tD>g" (N, u) and u Ik A[x \ n]



Remarks

t Ik, AAB & tDg (a,b), alr;A and bi-;B
tik; AVB o (tDgi(a) A alkg A) or (tDg"j(b) A b I-g B)
ti-k A=2B & YU -5 A, (tu) - B
t;n=m < tDg () and ns=r My
[IFg L never true
tIF; VXA & vn, (tn) Ik A[x\ n]
tHa XA o tD>g" (N, u) and u kg A[x \ n]

(1)ifti-; A and t Dgt’, then t' Ik, A. Actually if t =g t', then t' I, A
(2) tix\n] =g Alx\n] iff  t kgxen A



Provabllity entalls realizability

Main idea; It ~ A, then there existst, s.t. t I A
»generalize for assumptions:
it A1 ... An= A, there exists t, s.t. for all 1,

f t1 -4 A1, e tn -4 An, then t[X1\t1 Xn\tn] -4 A

»Which term t 7

Here we can take the term we associated to the derivation of
A ... A A. 5

A ... A A

We wrote it ||of|. | will call it t in the next slides




Proof

» Axiom if ti kg Aj, then xi[xi\ ti] k7 A
»A-l if u[o] Ik A and v[o] k4 B, then (u, v)[o] I-; AAB
»A—E, =-E, v—I... similar, easy

lllllllllll
llllllllllllllllllllllllllllll
L 2

y=>—| VUl A, t[o; x\u] -, B

Take U IFq A. show that ((Ax.t)[o] u) =B, ..
we have (Ax.t)[o] u) D t[o; x\u]
- [FAVB T[AFC TBFC

o] D> 6" i(ta) OF (ts) [ C
5(t, x*.u, y*.v)[o] D g* u[o;xA+1a] Or V[O;yBtg]

ufo;xA+ta] Ik, C
v[o;yB+tg] IF; C so O(t, x*.u, y°.v)[o] I+ C




Proof (2)

tiF; VXA <= vn, (tn) R A[x\ n]
tiF;aXA & t>g (N, u)and u R A[x\ n]
tiFg L never true
1-E: t[xA\t1 ... xA\th] Ik T L means there isno (t1, ..., tn)

v-l : we haveti; A soforalln, t{x\n]i;Alx\n]
and (A X. tn) Ik A[x \ n]

3-| : unfold definitions



What can one talk about in Arithmetic 7

Define F(x,y,z) such that:
F(x,0,z) & z =1

F(x,y,z) & F(X, S(y), X x 2)

We can prove: v x.vy. 3 z. F(X,y,2)

The term realizing the proof will « compute » xy
but it Is not practical:
- to talk about xv
- we cannot use the computation in the proofs (like for 2+2=4)



Proofs as Objects of the Formalism
or

Dependent Types



Time to switch to contexts for typing

£ (xA)el [ (X:A)F1:B [ Ft:A=>B T FHU:A
FEXTA T - AXA t:A—> B -tu:B

=t A [—u:B =t A T—~u:B
[ (t,u) : A x B [ —ig(t): A+ B M+ ja(t) : A + B

-t:AxB FUAXB Tet:A+B  T(xA)FuC T(y:B)Fv:C
[ ()t A [+ mo(t) - B T+ 5(t, x.u, y.v) : C

Annotations to keep type uniqueness / type inference

iGiven " and t, one can decide whether there exists T s.t. - t:T



Heyting's semantics

A (canonical)

oroof of... - 15
» AAB (a, b) where a is a proof of A, b a proof of B
» AvB (€, c) with e=0 and c proof of A or e=1 and ¢ proof of B
» A=1B f, with f(a) proof of B for any proof a of A
b vx A f, with f(t) : A[x\t] for any object t

» I x A (t, @) with a a proof of A[x\t]



Realizability

t -k, AAB  « t>g" (a,b), alk;A and b, B
tiF; AVB o (tDgri(a) A alkg A) or (tDg"j(b) A b I-; B)
tik A=2B o vu 5 A, (tu) I+, B
th;n=m < tDg () and ns=r My
[IFg L never true
tIH; VXA & vn, (t n) IF; A[x\ n]
tiH;AXA & tD>g" (N, u) and u Ik, A[x \ n]



Heyting's semantics

A (canonical)

oroof of... - 15
» AAB (a, b)) wherea: A, b:B
» Av B (e, c)withe=0andc: Aore=1andc:B
» A=B f, with f(a) : B forany a: A
y v x A f, with f(t) : A[x\t] for any object t

» I X A (t, 8.) with a : A[X\t]



Implicational Fragment

M x A TA)ED Axiom  —=——if (x: A)eT
T (X:A)H1:B L F(X:A)F 1B
T—AXA.1:A—B [FAXA. t:A=D

[ Ft:A=>B T RFU:A RN [—1:A=B [ +HUIA

'Htu:B [—tu:B



LF aka AP

I'= T :
| wi > L wi if (x:T)el’ " wi
[ (x:T) wi '=x:T I - Type : Kind
' A : Type ' (x:A) - B:s 'Ht: A FI_B:SA—B
THTlx:A.B:s [+t:B F

'FIIx:A.B:Type TI(xxA)r-t:B 't:IIx:A.B I'u:A
F'FAx:At:IIx:A.B ' (tu):B[x\ u




Metatheory

No unicity of typing ! (modulo only beta-conversion)
1. I'A wt =T wi and I'-t:T = T'A+ t:T
2.I'xT) A uU A T'HtT = TAlx\t] - ulx\t]|: Ulx\t]
and TI'(xxT)Awf A T'=t.T = TAlx\t|] wf

3.Inversion lemma :

yf T'=x: T then (x:T?) eI’y T=gT" and I' = T" : s
yIf T' = A x:At : B then B= I x:A.C and I'x:A) =t :C
pif T' = (tu) : C then 'Ht:1IxAB I'u: A and C =g B|x\ uy]

pf ' IIx:A.B: T then T'= A: Type, I'x:A)- B:s and T=s

f I'=t: T and I' =t : U thenT =3 U



Adding disjoint sum types

ti=x | Ax:t.t | (tt) | OIx:t.t | t+t | i(t) | jt(t) | o(t, t, t)
t

I' A:Type I' B : Type I'- A+B: Type TI't: A
'~ A+B : Type I'-i(t) : A+B
B
I'- A+B: Type I'-t:B
[ - ‘]A(Lt) . A+B

I'Ft:A4+B I'FC:Type I'Fu:A—»C I'-v:B— C

'~ o(t,u,v) : C

for decidability of type checking / inference



Adding Sigma types
ti=x | Ax:t.t | (¢t) | Ix:t.t | t+t | i(t) | jit) | 8¢, t, t)

Y x:t.t ] (;,Xt)tl m(t) | w,(t)

Y. x: A . B written AxB

' A: Type I'(x:A)- B : Type when x& FV(B)

I' X x:A.B: Type

[FYXx:A.B:Type TI'+t:A TFu:Blx)\t

' (t,u):Xx:A.B
Y»x:A.B

I't:2Xx:A.B I't:2Xx:A.B
I'Em(t): A [' = ma(t) : Blx \ = (t)]

for decidability of type checking / inference



Metatheory (2)

1. A wf=T"wt and I'+ t:T = I'Ar t:T
2.I'xT) A uU A T'HtT = TAlx\t] - ulx\t]|: Ulx\t]
and T'(xxT)Awf A T'=tT = T'Alx\t|] wf

3.Inversion lemma :

pif T'=x: T then (x:T) eI’y T=gT" and I' = T’ : s
yIf T' = A x:A.t : B then B= [I x:A.C and I'(x:A) -t :C
pif T'= (tu) : C then 't:IIxAB I'-u:A and C =g Bl[x\ u]

pf ' IIx:A.B: T then T'= A: Type, I'x:A)- B:s and T=s
pIf ' (t,u)sas : C then Tk t:A) ' wB(x\t], C = X xtA.B
pf ' ¥ xAB: T then T'= A: Type, I'(x:A)F B :s and T=Type

f '=t: T and I'=t:U thenT = U (same for A+B)



L

"Wf I'=T:s [ wit [" wi
' (xT)wf Tkx:T I+ Type: Kind

' A : Type ' (x:A) - B:s I't: A TI'kA:s
I'IIx:A.B:s I'-t:B

A =B

'FIIx:A.B:Type TI(xxA)r-t:B 't:IIx:A.B I'u:A
F'FAx:At:IIx:A.B ' (tu):B[x\ u




Stratification

f I' wf and (x:T)el’, then I'= T's
Let us write (a:K) when K:Kind and (x:T) when T:Type

f ' t:T, then I'= T:s (or T=kind)
Let us write T:K when K:Kind and t:T when T:Type

We have a stratitication of (typed) terms:

- Kind Kind

- K : Kind (kinds) Type, I x: T. K, lIx:T.... 1l x,1, Type
_ T:K (predicates) o, IIxT.T, (Tt), AxT.T,

- t: T (proofs) X, (t1 t2)7 A x:T.t




Going further: System T
Adding primitive natural numbers and a recursor

In Coq:

Inductive nat : Type :
O : nat
S : nat -> nat.

©)

Additional atomic type: N
Additional constants: O0:N,S:N — N
Additional operators: Rt :N=> T >(N—=>T—->T)—>T

®)

ROtotS D to
R(Sn)tets D tsn (R n ty ts)



X A terminating programming language

» Incomplete (no chance to have all algorithms)
» But quite expressive
» Can be made even more expressive (general inductive types, System F...)

add=An.Am. (RN n m Ap.Ar. S(r))

mul=An.Am. (Rvn O Ap.Ar. (add mr))

quite straighttorward for all primitive recursive functions



From A=+ to Type Theory

We have:
- Dependent types, encodes FOL up to cut—elimination for logical cuts
(for A, v, =, Vv, 3)

- System T: allows the definition of complex computations
Rr: T-(N—-T—>T)—>N-—=>T

| et us add the induction axiom :
Rp:(P0)—- (IIx:N.(Pn)— (P(Sn))) >IIn:N. (P n)

(Re pops 0) D po
(Rp pops (Sn)) D> psn (Re po ps n)




Subject reduction

‘s |P PAR

(Re pops 0) D po

Rp:(PO)—-(IIx:N.(Pn)—-(P(Sn))) >IIn:N. (P n)

Suppose (Rppops 0): T

SO po: (P 0)

sops: (IIx:N.(Pn)— (P (Sn)))
so: 0 : N (itis)

so: T —0 PO

SO:p0 : T

Obviously similar for
(R pops (Sn)) D> psn (Rp popsn)



