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Simply typed A-calculus

_|

At | T=T t o= xT | AL | (L)

Var —t: B -

x4 A [FAxA.t : A>B

—t: A->B Fl—u:AA
[—(tu) : B
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A Adding sum and product types to A—

T = a|TT|TxT | T+T

t o= x| Axt | tt | (L 1) [ mo(t) | ma(t) | i(t) | j(t) | O(t, x.t, x.t)
Axtu D t[x\u] —t:A  FUu:B
m1(t, u) >B t - (t,u): Ax B
T[z(t, U) >|3 U

—t:AxB —t:AxB
- mi(t) C A - 112(t) : B




Adding sum and product types to A— (2)

T = a|TT|TxT | T+T

t o= x| Axt | tt | (L 1) [ mo(t) | ma(t) | i(t) | j(t) | O(t, x.t, x.t)
Axtu Dp t[x\u] LA _U-B
Mt u) D (1) A+ B - j(U): A + B
ﬂz(t,U) >B U

S(i(t), x*.u, y®.v) D U[XA\T
o(j(t), x*u, y*.v) D V[yB\t

—Ft:A+B FuCrvC

- &(t, x*.u, y°.v) : C




Normalization of A= x +

A x B
A+ B

{teSN | tD>*(u,v) = uelAlAvel|B| ]
{te SN tD>*iu) = uelA) A tD*j(v) = velB| }

N = terms which are not of the form: A x.t, (u,v), i(u) or j(v)

In general, the metatheory follows the same schemes: inversion lemmas, type
inference, subject reduction, strong normalization...



Heyting's semantics

To make the point of constructivity

» a proof of n=n is 0 (some trivial object)

» a proof of A A B is (can be reduced to) (a,b) with a:A and b:B
» a canonical proof of A v Bis (e,c) with e=0and c:A or e€=1and c:B

» a proof of A=B is a computational function f, s.t. if a:A, then f(a): B

» a canonical proof of 3 x.Ais a pair (t,a) s.t. a: A[x\ ]

» a proof of v x.A Is a computational function £, s.t. for all n, f(n): A[x\ n]



A type for every proposition

P(tl, Ce tn)‘ = N
An B| = |A| x |B|
A v B|= Al + |B|

v X.Al =N — |Al
3 X.Al =N x |A]

[ =[A1; ... ; A4l

We give ourselves XA1 ... XAap

To a derivation of [ A
we associate atermt: |A|

with free variables XA17 ... X/ap
(and the free variables of the derivation)




Proofs as terms (1)

M =[Ag ... ALl We give ourselves XA17 ... XPap

To a derivation o of '=A we associate a term ||o|| : |A]

ifAeTl A IAX(A)]| = XAk
O
[A+B [=-1(0)] =AxAlld]]
[-A=B
0] T
[FA->B '+ A [=—E, 0] =(lo]] [I7][)

I'—B
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Cut elimination :
o|A \ T]
' B

(AxAol [[Tll) g llofl [xA\ | ]

Cut elimination and B—reduction commute



Proofs as terms (2)

O T
[~ A [~ B |A=1(c,T)] = (|lo]], ||T]])
'HFAAB
0)
[—AAB |A—E1(0)| = mi(]|o]|)
[ A
0)
'-AAB In—-E1(0)| = m2(]|o][)
['—B

Again, a cut is a redex Tj(t, u)



Proofs as terms (3)

o O
A - '+ B 1(d -
1"|_A\/BV-I (g) |(HOH) F|—AVBV ( ) J(HOH)
9 XA, T1 yB.T2
I'AVB [A+-C [,BEC .
\/_
' C

O([[ofl, xA.J[Tal], y&.[ITall)



Proofs as terms (4)

T A [ VX A
V-1 v-E
[ VX A [HA[x\t]
[v=I(0)|| = AXxN.]|o|| lv—E(o,t)] = (]|o]| 1)
' = Alt/X] o - 3ax A [A-B .
['—3x. A '~ B

13=1(o, D[] = (o]}, [Itl)



Natural Deduction (4)

' L Intuitionistic logic
A

classical logic

['—AvV- A



Function Symbols: O, S, +,x

Predicate Symbols: = Giuseppe Peano

1889

& Ed
. =
»

AXioms
» VX, 0+X=X > v,wx:O
» VXVY, S(X)+Yy=S(X+YV) » VXVY, S(X)XY =Y+ (XXVY)
» VX, 0% S(X) » VX, X=X
» VXVY S(X)=S(y) = X=yV » VXVYVY P(X)AX=Yy=P(y)

» PO) A (v, Ply)= P(S(y))) = v X, P(x)



Deduction Modulo

We add an equivalence relation =r over the propositions of FOL
We identify propositions modulo =g for provability

Conv — ﬁ it A=pA

Generally, =r will be defined through a rewrite relation R

. subsume the axioms
Rewrite rules

O+X = X O+Xx = X
S(X) +y = S(x+y) S(X) +y = S(X+Y)



A presentation of Heyting Arithmetic
i Axioms e

IV X, X=X

V X.V V. X=yA P(X) = P(y)

closed normal object:
0, S(0), S(S(O)), ...

| ' closed normal atomic proposition
i PO)A(Y x.P(x)= P(S5(x)) = vy P(y)} n=m (T and L are not atomic)

> ° ~ -
Coo oo R APOPA O

- Reuwrite rules
P 0+x = X Oxx = 0

S(X) +Vy = S(X+Y) S(X) XY =XXVY+V

ored(S(x)) = X ored(0) = O

| EQZ(S() - L £QZ(0) -



Cuts in deduction modulo

Previous presentation: new additional rule

(conv) — g f A=rB
we do not want it to interfere with cuts. A A__ A/l\_g =
(conv)— ,
shouldbeacut = AAB
AN
We can rather reformulate the rules:
e A B IS NOW a cut
A~ |_|_C |f C —R A/\B /\_i |—|_ A |—|_ B
[~ A'AB
A-€

(we do the same for all rules) = A



Well-behaved relations

If C =r A A B then either:

- Cis atomic
- orC=AAB with A=frA" and B =xB’
Same for v, =, v, 3

This is the case for our presentation of Arithmetic

Then, a cut-free intuitionistic proof of [|[FA always ends with an introduction
rule

Can we generalize this for proofs in Arithmetic ?



Axiomatic Cuts



Equality Cut

t=t A P(Y) t=t A P(t) = P(1)
P(t)
‘\~ Op
R E T >



Induction Cut (1)

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

* .
--------------------------------------------------------------------------------------------




Induction cut (2)

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

v y.P(y)
................................................ ) eeeeeeeeasseeeeesseeeeeesseee et
| Oo OS
' 2(P0) AV XPX)=P(S(X) ) = VY.PY)  PO) ¥ xPx)=P(S(x))
I'\ OS v y.P(y)
‘\. v v X P(X)=P(S(x))




Cut Free Proofs

Properties
easy:
It tis a term without free variables, then t =" Sn(0)

Cut free proofs:
Take A without free variables. Any cut-free proot of A in HA either :
- ends with an introduction
- Is refl or t=t (from retfl)
- 1S Leibniz or partial application of L : v y. t=ya P(t) = P(y), u=ta P(t) = P(u)

- Is Induction or a partial application of it: VY. P(y)

by induction over the structure of the proof (somewhat tedious)



A without free variables. A cut-free proof of A in HA Is either :
- ends with an introduction
- 1s refl or t=t (from retl)
- Is Leibniz or partial application of L : v y. t=ya P(t) = P(y), u=ya P(t) = P(u)

- Is Induction of proof partial application: v V. P(y)

Constructivity :
- It =ua Av B, then either =xa A or s B

- if FHa 3 X. A(X) then we can extract n and a proof of +—xa A(N)

Consider : v x. 3y. x=y+y v X = S(y+V)



Going further: System T
Adding primitive natural numbers and a recursor

INROCA:  1nductive nat : Type :=
O : nat
S ¢ nat -> nat.

©)

Additional atomic type: N
Additional constants: O0:N,S:N — N
Additional operators: Rt :N=> T >(N—=>T—->T)—>T

®)

ROtotS D to
R(Sn)tets D tsn (R n ty ts)



X A terminating programming language

» Incomplete (no chance to have all algorithms)
» But quite expressive
» Can be made even more expressive (general inductive types, System F...)

add=An.Am. (RN n m Ap.Ar. S(r))

mul=An.Am. (Rvn O Ap.Ar. (add mr))

quite straighttorward for all primitive recursive functions



A non-primitive recursive function

(of course, Ackermann)

Ack(0, b) = S(b)
Ack(S(a), 0) = Ack(a, 1)
Ack(S(a), S(b) = Ack(a, Ack(S(a))

Ack -



Normalization for System T

Blackboard 7



Cut Elimination for Heyting Arithmetic



Induction Cut (1)

interpret by Ripy

“““‘ .....................................;;;.................;;;...
“?’ ............... :P(S(X))
x P(0) Vv X P(X)
; < ) ) = Vv y.P(y)
: — P(x)=P(S(x
P(0) = (V X ——
; P(O) ....................................... *
e sumnsmsmEmEEEEEEEEEEEEEEEEEEEEEEEE l“ )
(R [l oo || |l[o_S]|| 0)

---------
lllllllllllll.




Induction cut (2)

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

v y.P(y)
P(S(1)
| 0o OS
(PO) A V X P(X)=P(S(x))) = V V.P(y)  P(O) V¥ xPx)=P(S(x))
Os v y.P(y)
R 1100 1195l SO) 5 % PrasPE0a)

: P(H)=P(S(1)) P(t)
S t® [ oo |l llo_S|| t




