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Proofs of Propositions 1-4
Proof of Proposition 1

By Lemma 1, it is enough to prove that the minimum non-zero value of Dy is 1, and that all pairs T,T" € UT,,
such that Do(7T,T") = 1 also satisfy that D,(T,T") =1 for every p > 1.

As we have seen in Example 2, if we contract a pendant arc in a tree T', we obtain a new tree 7" such that
D,(T,T") =1, for every p € {0} U1, 00|, and this is of course the smallest possible non-negative value of D,,
on UT . Tt remains to prove that this is the only way we can obtain a pair of trees such that Do(T,T") = 1.

So, let T, T" € UT,, be such that ¢(T) = ¢(T") + m - ¢; ; for some m > 1 and 1 < 4,j < n (where ¢; ;
stands for the vector of length n(n+1)/2 with all entries 0 except an 1 in the entry corresponding to the pair
(4,7)); that is, T and T” are such that @r(i,5) = @7 (i,5) + m, for some m > 1, and pr(z,y) = o1 (z,v)
for every (z,y) # (4,7). Let us prove first of all that m = 1. So, assume that m > 2 and let us reach a
contradiction.

Since @7 (i,7) > 0, there exists some taxon k # 4, j that is a descendant in T of the parent of [i, j]7. In

other words, such that [i, k|7 = [f, k] is the parent of [i, j]r. But then

@T/(ia k) - @T(%k) = (pT(ZaJ) -1= QDT/(Z.aj) + (mi 1) > @T’(ivj)
@T/(jvk) = SDT(jvk) = LPT(%]) -1= @T’(ivj) + (m_ 1) > @T/(iaj)

which cannot hold simultaneously: if o7 (i, k) > o1 (4,5), then o7 (j, k) = @71+ (i, 7). This shows that m = 1,
and thus o(T) = o(T") + €; ;.

Let us prove now that it cannot happen that 7 # j. Indeed, assume that ¢ # j. If o1/ (4,5) = d7(4), then

¢T(27]) = @T’(imj) +1= (;T/(Z) +1= 5T(7’) + 17



which is impossible. This implies that o7/ (¢,7) < 07/(i), o7/ (j). If, now, @7/ (i,5) < d7p(i) — 1, then
there will exist some leaf k such that [i, k|7 is the child of [i,j]r in the path from [, j]r» to i. Then

o7 (i, k) = o/ (4,7) + 1 and o1 (4, k) = @7 (i, j), which entail that

or(i, k) =1 (i, k) = o1 (i,7) + 1 = or(i,j) > o1 (i,7) = o1 (4, k) = o1 (), k),
which is also impossible. So, if ¢ # j, the only possibility is that ¢ (i,5) = d77(i) — 1 = d7+(j§) — 1, but then
it would imply that @7 (i,7) = @1/ (4,5) + 1 = d7(i) = dr(j) and hence that [i,j]r = ¢ = j, which is again
impossible.

So, if o(T') = ¢(T") + e; ; then it must happen that ¢ = j. In this case, moreover, i must be a leaf in T
with unlabeled parent. Indeed, if ¢ is not a leaf, then there is some leaf k such that ¢ = [¢, k] and hence
d7(i) = pr(i k). Then, 6/ (i) = ér(i) — 1 = or(i,k) — 1 = o7 (i,k) — 1, which is impossible. So, i is a
leaf in 7. And if its parent is labeled, say with I, then é7(i) = 07 (l) + 1 and é7(1) = ¢r(i,1). Thus, in T,
O/ (3) = o (1) — 1 = dp(l) = 61+ (1) and 97/ (i) = o0 (1) = 1 (i,1) = pr:(i,1), which is also impossible, since
it would imply that [i,{]7 =i = .

So, finally, it must happen that ¢ is a leaf in T" and its parent is not labeled. Let Ty be the phylogenetic
tree obtained from T by contracting the pendant arc ending in i. Then ¢(Tp) = ¢(T) — e;; = ¢(1"), and
this implies, by Theorem 1, that Tp = T".

This finishes the proof that the only pairs T, 7" € WT,, such that Dy(T,T’) = 1 are those where one of
them is obtained from the other by the contraction of a pendant arc. Since these pairs of trees also satisfy

that D,(T,T") = 1 for every p > 1, this completes the proof of the proposition. O

Proof of Proposition 2

To ease the task of the reader, we split this proof into several lemmas. To begin with, notice that there are
pairs of trees T, T € 7T, such that D,(T,T") = 3 for every p € {0} U [1,00[: for instance, by Example 2,
when T is obtained from T by contracting an arc ending in the root of a cherry. So, the minimum non-zero
value of D,(T,T") on 7, is at most 3.

Lemma 1. If T,T' € T, are such that Do(T,T’) > 0, then there exists a pair of different taza i # j such
that o1 (i, j) # e (i, ).

Proof. It o7(i,7) = p1(3,]) for every i # j, then, by Corollary 1, T'=T" and therefore Do(T,7’) =0. O

So, every pair of phylogenetic trees in 7, at non-zero Dgy distance must have a pair of different leaves

with different cophenetic values.



Lemma 2. Let T,T' € T,, be such that o1(i,j) = pr:(i,5) + m, for some 1 <i < j < n and some m > 1.

Let k # 4, be a leaf such that there exists a path from [i, jlr: to [i,k]r of length I, for some l > 1. Then:
(a) If pr(i k) = ¢r:(i, k), then or(j, k) = @r/(j, k) + min{m, I}
(b) If er(j, k) = o1/ (4, k), then or(i, k) = o (i k) — 1
Proof. From the assumptions we have that o7 (i, k) = o7 (i,7) + 1 = o1 (4, k) + I. Now:
(a) Assume that @r(i,k) = @7/(i,k). Then,
er(i, k) = or (i, k) = o1 (i,7) + 1= or(i,j) — (m = 1),
and then
o If m > I, then or(i, k) < ¢r(i,J), that is, [i, j]7 < [, k]r, and thus
er(j k) = pr(i, k) = or (i, k) = o (j, k) +1
o If m =1, then pr(i,k) = ¢r(i,j), that is, [i, k]r = [¢, j]r, and thus
er(j, k) = or(i,j) = o1 (i,j) + m = o1 (j, k) + m
o If m < I, then or(i, k) > or(i, ), that is, [i, k]r < [¢, j]T, and thus
1), k) = er(i,3) = o1 (i,§) + m = (4, k) +m
(b) Assume that o7 (j, k) = @7/ (j, k). Then
o1 (), k) = o (4, k) = @r:(i,§) = or(i,j) —m,
so that [4, j]r < [, k], and thus

@T(ivk) = @T(j’k) = @T’(jv k) = @T’(ivj) = @T’(i’k) -1

As a direct consequence of this lemma we obtain the following result.

Corollary 1. Let T, T € T, be such that pr(i,j) = @1/(i,7) +m, for some 1 <i < j < n and some m > 1.

Let N be the number of leaves k such that k # i, and either [i, k]l < [i, 7] or [j, klm < [i, 7). Then,

Do(T,T") > N + 1.



Lemma 3. Let T,T" € T,, be such that Do(T,T") < 3. If pr(i,j) = p1:(i,5) + m, for some1 <i<j<n

and some m > 1, then m = 1.

Proof. If 07+ (i) = 07 (i), then d7+ (i) = 07 (2) > @r(i,j) = @1 (i,7) + m which implies that there are at least
m leaves k such that [i, k|7 < [i, j]7v. Then, by the last corollary, Do(T,T") > m+1. Now, if 7 (5) = d7(j),
then for the same reason there are at least m leaves k such that [j, k] < [i, j]7 and they increase Do (T,T")
to at least 2m + 1, while if 67/ (j) # dr(j), then Do(T,T’) = m+ 2. We conclude then that if é (i) = o7 (4),
then m = 1. By symmetry, if d7/(j) = é7(j), then m = 1, either.

Finally, if d7/(i) # 6r(i) and 67/ () # 6r(j), and since pr(i,5) # @1/(4,5), we have that or(z,y) =
o7 (x,y) for every (z,y) # (i,4), (4, 4), (¢,7). Let now k # 4,5 be a taxon such that [i,k]z = [, k]r is the

parent of [¢, j]r in T. Then
o1 (i, k) = or(i,k) = or(i,j) — 1 = @1 (i, j) + (m — 1)

and therefore, if m > 2, o7 (i, k) > @7 (i,j) and then, by Lemma 2, either o7 (i, k) # o7 (i, k) or pr(j, k) #

o1 (J, k), which, as we have seen, is impossible. Thus, m = 1 in all cases. O

Lemma 4. Let T,T" € T, be such that Do(T,T") < 3. If or(i,j) = o1/ (3,5) + 1, for some 1 <i < j < n,

then (61 (i) — @1+ (i, 4)) + (0r/(4) — 1 (i, 7)) < 3.

Proof. Let us assume that (677 (%) — o1 (4,7)) + (97 (5) — w1 (i,7)) = 4 and let us reach a contradiction.

Assume first that o7/(i) > ¢7/(i,j) + 3. Then, there are at least two leaves ki, ks such that
[i, k1)1, [¢, ko] < [¢,4]7r. Since each such leaf contributes at least 1 to Do(7,7”) < 3, we conclude
that there must be exactly two such leaves and, moreover, pr(z,y) = @ (z,y) for every (x,y) #
(4,7), (4, k1), (4, k1), (i, k2), (J, k2). But then, on the one hand, ér(j) = d7(j) and, on the other hand,
d7:(3) = e/ (i,5) + 1 (otherwise, there would be some other leaf k such that [j, k]7r < [i, ]/, which, by
Lemma 2 would satisfy that or(i,k) # @7 (i,k) or or(j, k) # ¢r/(j,k)). Combining these two equal-
ities we obtain 07(j) = ¢r(4,7), which is impossible in a tree without nested taxa. This proves that
o (1) < @1 (i,7) + 2 and, by symmetry, that o7/ (j) < o1/ (4,7) + 2, as we claimed.

Thus, it remains to prove that the case o1 (7) = d7(j) = 7/ (i,5) + 2 is impossible. So, assume this case
holds, and let’s reach a contradiction. By Corollary 1, if Do(T,T") < 3 and d7/ (i) = 07/ (j) = o1 (i,7) + 2,
then there can exist only one extra leaf k& pending from the parent of ¢ and one extra leaf [ pending from the
parent of j: see Fig. 1, where the grey triangle stands for the (possibly empty) subtree consisting of all other

descendants of [4, j]r-. Moreover, since ¢r(i,j) = ¢7/(i,j) + 1 and since both k and ! contribute at least 1



to DO(T7 TI) < 3a we conclude that @T(l‘,?j) = Y1/ (J?,y) for every (.Qﬁ,y) 7& (Za.])v (Z7k)a (.]7 k)a (Zal)v (.]7” In

particular

,j+ =s0( )+1

Figure 1: The subtree of T” rooted at [¢, j]7 in the proof of Lemma 4.

Now we shall prove that, in this situation, each one of k,l contributes actually at least 2 to Do(T,T"),

and therefore Do(T,T") > 5, which contradicts the assumption that Do(7,7") < 3.

(1) Assume that ¢7(i,k) = @7/ (i, k). Then, by Lemmas 2.(a) and 3, or(j, k) = o7 (j, k) + 1, and hence

or(i k) = o (i, k) = o7/ (j, k) + 1 = pr (5, k)
or(i, k) = T('k):sOT/(lefwT(w)
o7 (i) = or(j) = or(k) = or(l) = ¢r(i,j) + 1
or(k, 1) = r(i, j) —1

Thus, the subtree of T rooted at [k,{]7 contains a subtree of the form described in Fig. 2, for at least

one leaf h. But then

pr(l,h) = er(l,h) = ¢r(i,j) = o1 (i,5) + 1 = @r:(1, )

which is impossible, since it would imply that h is another descendant of [I, j]7-. Therefore, or(i, k) #

@T'(L k) anda by Symmetr}@ SDT(j7 l) 7é ("2l (Ja l)

[kvl}T
()
(] ()
O ® O WO

Figure 2: A subtree of the subtree of T rooted at [k, |7 in case (1) in the proof of Lemma 4.



(2) Assume now that ¢r(i,1) = p7/(i,1). Then, by Lemma 2.(b), o1 (4,1) = ¢©1(j,1) — 1, and then

@T(%l) = QOT’(Z:Z) = @T’(imj) = @T(Zv.]) -1
@T(]al) = <)0T’(jal) -1= @T’(iaj) = CPT(Za.]) -1
er(k,1) = or(i,j) —1

or (i) = or(j) = or(k) = 67() = ¢r(i,j) +1

Therefore, the subtree of T rooted at [k,{]7 contains a subtree of the form described in Fig. 3, for at

least one leaf h. Moreover, h # k because @r(h,l) > ¢or(j,1) = pr(k,1). But then, again,

or (k) = or(l,h) = or(i,§) = o1 (i, ) + 1 = o1 (1, j)

which is again impossible by the same reason as in (1). Therefore, o1 (i,1) # @71/ (i,1) and, by symmetry,
L)OT(jv k) 7é YT (]7 k)

Figure 3: A subtree of the subtree of T rooted at [k, |7 in case (2) in the proof of Lemma 4.

So,
@T(ia k) 7é QDT/(Z.’ k)?‘)DT(Zvl) 7é @T/(ial)vgoT(jv k) 7é @T’(%k)?(pT(jal) 7é @T'(jal)

and thus Do(T,T") > 5. O

Summarizing the last lemmas, we have proved so far that if Do(T,7") < 3 and @71 (i, 7) # @1 (7, 7), then,
up to interchanging T and T”, ¢1(4,5) = ¢1(i,7) + 1 and either ¢ and j are sibling in 77 or one of these

leaves is a sibling of the parent of the other one in 7”. Next two lemmas cover these two remaining cases.

Lemma 5. Let T,T' € T, be such that Do(T,T') < 3, and assume that o1(i,j) = @1/ (4,J) + 1, for some
1<i<j<n Ifiandj are sibling in T', then they are also sibling in T, they have no other sibling in T,

and T' is obtained from T by contracting the arc ending in [i,j]7. And then, Do(T,T") = 3.

Proof. If 67:(i) = 07/(j) = w1 (i,7) + 1, then it must happen that o7 (i) = 07 (¢) + 1 and o7 () = é7+(5) + 1.

Indeed, if 67 () < 67/ (2), then o7(¢) < @1/ (i,5) +1 = pr(i,j), which is impossible. Therefore, é7 (i) > (1)



and by symmetry or(j) > d7(j). Since ¢r(i,j5) = o (i,7) + 1, Do(T,T") < 3 implies that ¢or(z,y) =

o7 (z,y), for every (x,y) # (1,7), (i,4), (j, 7). Now, if, say dr(¢) > d7(i) + 2, then
or (i) 2 07 (i) +2 = o1/ (i, ) + 3= r(i,j) +2
and there would exist some leaf k such that [i, k] is a child of [¢, j]7. But then
er (i k) = @r(i, k) = or(i,j) + 1= o (i,j) +2 =01 (i) + 1,

which is impossible. This proves that o7 (i) = 7 (¢) + 1 and, by symmetry, dr(j) = o7/ (j) + 1.

So, in summary, 1, j) = @7 (i, §) + 1, 6r3) = 7:(3) + 1, 67(j) = 7 (7) + 1 and pr(2,) = orv(, 1),
for every (z,y) # (4,7), (4,7), (4,7), and in particular dy, ,(T,T") = 3.

Now, 07 (i) = o7/ (i) + 1 = o (4,5) + 2 = ¢r(i,j) + 1, and by symmetry, ér(j) = @r(i,j) + 1, either.
Therefore, i and j are sibling in 7. Let us see that they have no other sibling in this tree. Indeed, if k is a

sibling of ¢ and j in T, then
or(is k) = or(i, k) = or(i,j) = o1 (i,j) + 1 = 07 (d)

which is impossible.
Let 2 be the parent of [i,j]7, and assume that the subtree Ty of T rooted at x is as described in Fig.
4.(a), for some (possibly empty) subtree T'. Moreover, let T} be the subtree of T” rooted at [i, j]7, which is

as described in Fig. 4.(b) for some subtree T’. We shall prove that T=T.

(a) To (b) T

Figure 4: (a) The subtree Ty of T rooted at the parent of [i, j]r in the proof of Lemma 5. (b) The subtree
T} of T” rooted at [i, j]7v in the proof of the same Lemma.

For every k € L(T),
o1 (i, k) = or(i, k) = or(i,§) — 1 = o1 (i, ),

which entails that k € L(f’\’) Conversely, if k € L(i’\’), then

or(i, k) = o7 (i, k) = o7 (3, 5) = pr(i,j) — 1,



~

which entails that k& € L(T). Thus, L(T) = L(ff’\’) And finally, for every (not necessarily different)
k1 e L(T),

(pf(kvl) = @T(kvl) - §T($) = @T(kvl) - @T(iaj) +1= QDT’(k’Z) - @T/(iaj) = (p?(k,l),

which implies by Theorem 1 that T = 7" (notice that T and T’ can have elementary roots).
Finally, let us prove now that T and 7" are exactly the same except for Ty and Tj}. More specifically, let
Ty and T} be obtained by replacing in T and 7" the subtrees T and T} by a single leaf . Since for every

p.q ¢ L(Ty) = L(Tp),
ery(p,a) = 1 (p,q) = pr(p,q) = 1. (P, 9),
SDTI’ (‘T7p) = @1 (7’7p) = @T(Zap) = Y7 (pa I]C),

we deduce, again by Theorem 1, that Ty = 7.
This completes the proof that 7" is obtained from T' by replacing in it the subtree Ty rooted at the parent

x of [i, j]r by the subtree T} obtained from T by contracting the arc (z, [¢, j]T). O

Lemma 6. Let T,7" € T, be such that Do(T,T') < 3. Assume that or(i,j) = o1 (3,7) + 1, for some
1<i<j<n, and that j is a sibling of the parent of i in T'. Then, the subtree of T’ rooted at [i, j|7+ is
the tree T} depicted in Fig. 5.(a), for some taxon k # i,j and some (possibly empty) subtree T\’, and T is
obtained from T' by replacing Ty by the tree Ty depicted in Fig. 5.(b). And then, Do(T,T") = 3.

(a) T

Figure 5: (a) The subtree Tj, of T' rooted at [¢, j]r+ in the statement of Lemma 6. (b) The subtree T which
replaces T}, in T in the same statement.

Proof. We assume that 1 (i) = o7 (i,7) + 2 and 07 (j) = @7 (i,5) + 1. This implies that there exists at
least one leaf k such that [i, k] < [i,j]7. Since or(i,5) = o (i,7) + 1, |or(i, k) — o1 (i, k)| + |or (4, k) —
o (4, k)| = 1 and o7(§) > d7/(j) (because, otherwise, or(j) < dr/(j) = o1 (4,5) + 1 = wr(4,5), which
is impossible), Do(T,T") < 3 entails that or(i, k) = @1/ (i, k) or or(j, k) = pr(4, k), and that or(z,y) =
o7 (x,y) for every (z,y) # (4,7), (¢, k), (4,k), (4, 4) (and, in particular, k is the only leaf different from ¢ such

that [, k] <[4, j]1/). Moreover, we have that Do(T,T") = 3.



Let us see now that d7(j) = d7(j) + 1. Indeed, if 67(j) > d7/(j) + 2, then
or(j) 2 01/ (j) +2 = o (i,5) + 3 = or(i,j) + 2
and there would exist some leaf [ such that [, is a child of [¢, j]r. But then
o1 (4,1) = er(4,1) = er(i,§) + 1 = @r(i,§) +2 = o1/ (j) + 1

and we reach a contradiction.

So, in summary, the subtree T} of T' rooted a [i,j]7s is as described in Fig. 5.(a), and ¢r(i,j) =

@T'(iaj) + 17 6T(]) = 6T’(]) + 17 @T(mvy) = @T’(xay) for every (x7y) 7é (27])7 (ka)7 (ja k)? (]a])a and either

or (i, k) = o (i, k) or pr(4,k) = pr(j, k). Now, we discuss these two possibilities.

(a) If or(4, k) = o1/ (j, k), then or(i, k) = o1/ (i, k) — 1 by Lemma 2.(b). In this case

or(i, k) = o7 (i k) — 1 = @1/ (i, ) = ¢r(i,j) —
er(d, k) = o1 (4, k) = o1 (i, 7) = wT(z j)—1
or (i) = o7 (i) = @1 (i, 5) +2 = or(i, ) + 1
or(7) :5T’(j)+1 or/(i,5) +2 = or(i,j) + 1
or(k) = o7+ (k) = o1 (i,J) + 2 = @r(i,j) + 1

This means that the subtree of T rooted at [, k|7 = [, k] contains a subtree of the form described in

Fig. 6, for at least some new leaf h. But then
o1/ (k. h) = or(k,h) = or(i,j) = @1 (i, §) + 1 = o1 (i, k)

which is impossible in 7”7, because ¢ and k are the only descendants of [i, k| in T”. So, this case is

impossible.

(2
() @,
ONONORO

Figure 6: A subtree contained in the subtree of T rooted at [i, j]7 in case (a) in the proof of Lemma 6.

(b) If or(i, k) = o1/ (i, k), then or(j, k) = o7/ (j, k) + 1 Lemmas 2.(a) and 3. In this case

er(i k) = o (i, k) = o1/ (4, 5) + 1 = o7(i, )
or(j, k) = o1 (j, k) + 1 = o1 (i,5) + 1 = (i, 5)
Or(i) = 67 (j) = dr(k) = ¢r(i,j) + 1 as in (a)



This implies that ¢, j, k are sibling in T'. If [ is any other sibling of them in 7', then

YT (7;7 Z) = @T(ivl) = ‘pT(i’ k) = @T’(ia k)

which entails that [ is another descendant of [é, k|7 in T”, which is impossible. Therefore, the subtree

Ty of T rooted at the parent of [¢, j]r has the form depicted in Fig. 7, for some subtree T.

Finally, the same argument as in the last part of the proof of the last lemma shows that T = T\’, and
that if 77 and 77 are obtained by replacing in T and T" the subtrees Ty and Tj) by a single leaf z, then

T, = T,. We leave the details to the reader.

Figure 7: The subtree T rooted at the parent of [i, j]r in case (b) in the proof of Lemma 6.

This completes the proof that T and T” are as described in the statement. 0

We have proved so far that the minimum value of Dy on 7, is 3, and we have characterized those pairs
of trees T,T" € T, such that Do(T,T") = 3. To extend this result to every D,, p > 1, it is enough to check
that every pair of trees in 7, such that Do(T,T") = 3 also satisfies that D, (T, T") = 3 for every p > 1, which

is straightforward. This completes the proof of Proposition 2.

Proof of Proposition 3
As in Proposition 2, we also split this proof into several lemmas. First of all, notice that there are pairs of
trees T,T" € BT, such that D,(T,T") = 4 for every p € {0} U [1,00[: see, for instance, Fig. 8. Therefore,

the minimum value of D, on BT, is at most 4.

T T

Figure 8: A pair of binary trees such that D,(T,T") = 4. The grey triangles represent the same tree.
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Notice also that Lemma 1 also applies in BT ,,, and therefore, if T, T" € BT, are such that Do(T,T") > 0,

then there exist two taxa i # j such that o1 (7, 5) # ¢7(4,5). And, of course, Lemma 2 also applies in BT ,.

Lemma 7. Let T,T' € BT, be such that Do(T,T") < 4. If o1(3,5) = o1/ (3,J) +m, for some 1 <i<j<n

and some m > 1, then m = 1.

Proof. Assume that @r(i,7) = @7(i,5) + m with m > 2, and let us reach a contradiction.

If 07/ (2) = d7(3), then 67/ (i) > @r(i,5) = w1 (i,5) + m, and therefore there exist leaves z1,. .., x,, such
that @r(i,2;) = pr(i,5) + 1, for L =1,...,m. By Lemma 2, each such leaf x; adds at least 1 to Do(T,T").
Therefore Dy(T,T') > 1+ m. Now, if moreover d7/(j) = d7(j), then there also exist leaves y1, ...,y such
that o1 (j,y1) = o1 (i,7) + 1, for I =1,...,m, and each such leaf y; also adds at least 1 to Dy(T,T"), which
entails Do(T,T") > 14 2m > 5. So, if Do(T,T") < 4, it must happen that d1(7) # o7 (7) or o7/ () # 07(J)
(or both). Let assume that o7 (j) # 07 (4)-

Now, @r(i,7) = @1/ (i,j) + m > m, and therefore there exist leaves z1,..., 2, such that or(i,2;) =

@T(ja Zl) = @T(Zaj) - l7 for I = ]-7 s, M. If @T(ivkl) = @T’(iakl)a then
@T'(i?kl) = QOT(L kl) = @T(%]) —1l= QOT’(i,j) + (m - l) 2 @T'(iaj)

and therefore, by Lemma 2, o1 (4, k1) # @r(J, ki), and thus, each such leaf z; adds at least 1 to Do(T,T"),
which entails Do(T,T") > 2 + m. Therefore, if Do(T,T’) < 4 and m > 2, it must happen m = 2 and,

moreover, @T(a’a b) = @T’(a7 b) for every (CL, b) 7& (23])3 (]a])a (Za Zl)a (7'7 22)7 (]7 Zl)a (]7 22)'
In particular, d7(i) = d7/(i), which as we have seen implies that there are at least two leaves x1, xo such

that ¢ < [i, xa]p < [i,21]r <[4, j]7. Since

o1/ (21, 22) = pr(21, 22) = r(3,5) — 2 = 97:(3, J)

implies that (up to interchanging z; and z2) i < [i,2z1] < [i, 7] and j < [, z2]7 < [i, j]77, we conclude
that {x1,x9, 21,22} are at least 3 different leaves and hence they contribute at least 3 to Do(T,T"), making

Do(T,T") > 5. O

Lemma 8. Let T,T' € BT, be such that Do(T,T") < 4. If or(3,j) = o1 (3,5) + 1, for some 1 < i < j < n,

then 61/(i), 61/ (5) < o (i, 5) + 2.

Proof. Let us assume that d7/(i) > @7/ (i,5) + 3, and let us reach a contradiction. The case when d7/(j) >

w7 (1, 7) + 3 is symmetrical.
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Since ¢7(i,7) = @17 (i,5) + 1 > 0, there exists some taxon kg such that [i, ko]r is the parent of [, j]r.

Let us distinguish several cases.

(a)

Assume that o7 (4, ko) = o1/ (i, ko). Then, o (i, ko) = or(i, ko) = or(i,5) — 1 = o1/ (i,j) implies that
[, kolrr < [i, jlr and thus o7/ (j, ko) > @r:(i,5) = ¢7(i,j) =1 = ¢r(j, ko) and in particular, by the
previous lemma @71/ (j, ko) = pr(4, ko) + 1 = or(i,5) = o7/(i,5) + 1. Now, since Do(T,T") < 4, by
Lemma 3 the number of leaves a # 1, j, ko such that a < [¢, j]1 is at most 2.

If 67:(3) > wr(iyj) + 3, then there exist leaves ki,k2 such that or(i,k1) = o (i,j) —
1 and o7 (i,ke) = or(i,j) — 2 and then or(z,y) = ep(z,y) for every (x,y) #
(4,7), (4, ko), (4, ko), (k1,7), (k1,7), (k2,1), (k2,4). In particular, no leaf other than i, j, ko, k1, k2 descends

from [i, j]7+. But then

or(k1, ko) = o1/ (k1, ko) = o1 (i, ) = ¢r(i,5) — 1,  or(ke, ko) = ¢r(i,j) — 1
or(k1, ko) = o1/ (k1, ko) = o1 (i, 5) + 1 = o1 (i, J)

imply that, up to interchanging &y and ks, i < [i, k1] < [¢, j]r and j < [4, k2|7 < [i, j]7, and then
6T'(j) = 6T(]) > @T(Zaj) +1= @T’(iaj) +2

implies the existence of at least another leaf h such that j < [j, bl < [4, ko] < [4, j]17, which, as we

have mentioned, is impossible. So, this case cannot happen.

Assume now that o7 (j, ko) = @1 (4, ko). By symmetry with the previous case, this implies that
o (i, ko) = @ (i,5) + 1, o (i,ko) = @r(i, ko) + 1 and that the number of leaves a # i, j, ko such

that a < [¢, j]7 is at most 2. Now we have three new subcases to discuss.

(b.1) If 6p(i) = o (i,j) + 4, so that there exist leaves ki,ka # ¢ such that
o1 (i, ko), o1 (i, k1), prs (i, ka) > @r1:(i, 7), and no leaf other that i, j, ko, k1, k2 descends from [, j]-.
Then or(z,y) = prv(z,y) for every (z,5) # (,9), (i, ko), (j, ko), (k1 8), (kr, 7), (ko 8), (kz, ). But
in this case it must happen that é7(j) = d7/(5) = 1/ (4,5) + 1 = @1 (4, j), which is impossible. So,
this case cannot happen.

(b.2) If 67:(i) = @/ (i,5) + 3 and 07/ (j) = @1 (i,7) + 2, so that there exist leaves ki, ks such that
or (4, k1) = e (i,7) + 1, o (i,ka) = @7(i,5) + 2 and, recall, o7 (i,ky) = w1/ (i,7) + 1, then
or(x,y) = pr(x,y) for every (z,y) # (4,7), (¢, ko), (4, ko), (k1,17), (k1, 7), (ka,1), (ke, j). But then

@T(khko) = SDT/(khkO) = @T/(ivj) = SOT(Za]) -1

12



implies that k; < [i, j]7, and then

or(j) = 01/ (j) = pr:(i,7) +2 = ¢r(i,5) + 1,
Sr(k1) = o7: (k1) = @r:(i,5) + 2 = o7(i,5) + 1

imply that j and k; are the only children of [i, j]7, which is, of course, impossible. So, this case
cannot happen, either.

(b.3) It o1/ (3) = o1 (4, j)+3 and 67/ () = @71/ (i,5)+1, then on the one hand there exists a leaf ky such that
o7/ (i, k1) = o1 (4, ko) —1 = @1/ (i,5) — 2 and, on the other hand, as we have seen in (b.1), ér(j) >

§T’(j)‘ Thenv @T(xay) = @T’("E»y) for every (ér?y) 7é (iaj)a(j?j)v(i7k0)7(j7k0)a(klai)v(klyj)a and

in particular no leaf other than i, j, ko, k1 descends from [i, j]7.
Now,
@T(kh ko) = P17 (kh ko) = SOT/(ivj) +1= @T(%])

implies that k1 £ [i, j]7, and
or(i) = o7/(1) = @1 (i, §) + 3 = @r(i, j) + 2
implies that there exists a leaf h # kg, k1 such that i < [i, h]7 < [¢, j]7 and hence
o1 (i, h) = or(i,h) > or(i,j) + 1 = o1 (i, j)
would entail that h < [i, j]7, which is impossible. Thus, this case cannot happen, either.

(¢) Assume finally that o7 (i, ko) # w1 (i, ko) and or(jf, ko) # w1/ (4, ko). The contribution to Dy of the
pairs (4,7), (i, ko), (J, ko) is at least 3, and therefore there can only exist at most one other pair of leaves
with different cophenetic value in T and in T”. Since every x # i, j such that = < [i, ]z defines at least
one such pair, we conclude that if d7/(2) > @7 (i,7) + 3, then, it must happen that [i, ko]rr < [¢, )7
and that there can only exist one leaf ki # ko,¢ such that [i,k1]rr < [i,j]7r, and then, moreover
[i, kol # [i, k1]7. In this case, or(z,y) = o (x,y) for every (z,y) # (i,7), (i, ko), (4, ko), (k1,1), (k1, 7).
But then, in particular, ér(5) = 1/ (i,5) + 1 and 07(j) = 61 (j), which implies ér(i) = o1 (i, 5), which

is impossible
This finishes the proof that, if Do(T,T") < 4, then d7/(i) < o1/ (i,5) + 2 and o7 (§) < o1 (4,5) + 2. O

Lemma 9. Let T,T' € BT, be such that Do(T,T") < 4. If pr(i,j) = o1 (i,5) + 1, for some 1 <i < j < n,

then 1,7 are sibling in T .

13



Proof. Let kg be any leaf such that [i, ko]r = [4, ko] is the parent of [i, j]r in T. If o1 (i, ko) = o1 (i, ko),

then @7 (i, ko) = pr(i, ko) = pr(i,j) — 1 = @/ (i,7) implies that [f, ko]rr < [¢,j]r and thus o7 (j, ko) >

o1 (i,§) = ¢r(i,j) — 1 =r(j, ko). Therefore, [or(i, ko) — 1 (i, ko)l + |1 (s, ko) — o1(j, ko)| = 1.
Assume now that 4,j are not sibling in 7', and let h be a leaf such that [i, h]r is a child of [i,j]p. If

@T(ia h) < SOT'(Z.’ h); then
o/ (1) Z o1 (i,h) + 1 = @r(i,h) + 1 = (i, j) + 2 = o/ (i,§) + 3

which is impossible by the previous lemma. Therefore, pr(i,h) > @71/ (i,h), and by Lemma 7, @r(i,h) =

In a similar way, if d7(¢) = d7+(7), then

which is again impossible by the previous lemma. Therefore, d7(i) # 1 (), too. So, (i,7), (i,ko), (4, ko),
(i,1), and (i,h) contribute at least 4 to Do(T,T") < 4, which implies that or(z,y) = @1 (z,y) for every

other pair of leaves (z,y). But then,

@T’(jv h) = @T(ja h) = SOT(’Lv]) = @T/(iaj) +1
SDT/(i’h) = SDT(/L?h) —-1= ‘PT(%]) = @T’(iaj) +1

which is impossible. Therefore, i and j are sibling in 7. O

Lemma 10. Let T,T' € BT, be such that Do(T,T") < 4. If pr(,7) = o1 (3, §)+1, for some1 <i< j<n,

then i,j are not sibling in T".

Proof. Assume that i, j are sibling in 7", and recall that we already know that they are sibling in T". Let kg

be any leaf such that [i, ko] = [J, ko] is the parent of [¢, j]r in T. If w7 (i, ko) = w1 (i, ko), then

o7 (i, ko) = (i, ko) = or(i,j) — 1 = @1(i,5)

which is impossible if i, j are sibling in 7’. Thus, @r1(i, ko) # w1 (i, ko) and, by symmetry, o1 (j, ko) #
o1/ (j, ko). On the other hand, if 7 (i) = d7+(4), then

or (i) = 01 (i) = @1 (i,J) + 1 = ¢r(i, j)

which is also impossible. Therefore, d7() # d7/(¢) and, by symmetry, o7(5) # o1/ (j). But, then, Do(T,T") >
5.
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Summarizing what we know so far, we have proved that if Do(T,T") < 4 and o7 (4,5) # @1 (3, ]), then,
up to interchanging T and 7", pr(i,7) = ¢1/(i,7) + 1, i, j are sibling in T, and then the subtree of T" rooted

at [4, j]7 is a triplet or a totally balanced quartet; cf. Fig. 9. Next two lemmas cover these two possibilities.

() (O
() () ()
O®WO OWOY

Figure 9: The only possibilities for the subtree of T' rooted at [i,j]r if Do(T,T') < 4 and pr(i,j) =
o1 (i,j) + 1.

Lemma 11. Let T, T’ € BT, be such that Do(T,T") < 4. If or(i,5) = o (i,5)+1, for some 1 < i < j < n,
and the subtree of T' rooted at [i, j]7 is the triplet depicted in the left hand side of Fig. 9, then T is obtained
from T’ by interchanging j and k: cf. Fig. 10. And, then Do(T,T') = 4.

Figure 10: The only pairs of trees T,T" such that Do(T,T") < 4 and ¢r(i,5) = @1 (i,5) + 1, when the
subtree of T” rooted at [i, j]7 is a triplet.

Proof. Assume that the subtree of T’ rooted at [i, j]7+ has the form depicted in the left hand side of Fig. 9,

and that o7 (4,5) = @1/ (4,7) + 1. Then, since ¢ and j are sibling in T,
or(j) = or(i,4) +1=or(i,j) + 2 =b7(j) + 1.
Now, if o7(i, k) > @1/ (i, k), then
er(i k) = o (i, k) = @1 (i,§) + 1 = @r(i, j)

which is impossible, because ¢ and j are sibling in 7. Therefore, pr(i,k) < @7 (i,k) and, by Lemma 7,
o7 (i, k) = o (i,k) — 1, and in particular o7 (i, k) = o7 (j, k) = ¢1(i,j) — 1. Therefore, [i, k]r is the parent
of [i, f]r in T.

15



Finally, if é7(k) > ¢r(i,7) + 1, then there exists at least some other leaf I < [i, k]r = [, k|]r. But then

or(i,1) # o7 (i,1), because otherwise

@T’(ivl) = @T(ivl) = @T(ivj) -1= @T/(iaj)a

which is impossible because the only leaves descending from [i, j]7 are ¢, j, k. And, by symmetry or(j,1) #

o1 (4,1), and we reach Do(T,T") > 5. Therefore,
or(k) = ¢r(i,j) = pr(i,4) +1 =0 (k) — 1.

So, in summary, @1 (%, 5) = o1 (3, 5) + 1, 0r(j) = 0 (§) + 1, or(i, k) = o1 (3, k) — 1, and 67 (k) = o7 (k) — 1,
and or(x,y) = 1 (z,y) for every (x,y) other than (4,7), (4,4), (¢, k), (k, k). Moreover, in T, k is the other
child of the parent of [i, j]r.

So, the subtree Ty of T rooted at the parent of [i, j]r is obtained by interchanging j and & in the subtree
T of T' rooted at [i,j]7. Finally, let us prove now that T and 7" are exactly the same except for Ty and
T§. More specifically, let 77 and T} be obtained by replacing in T" and T” the subtrees T and Tj) by a single

leaf z. Since for every p,q ¢ {i,j,k},

eri(p, @) = ¢1 (P, ) = pr(p,q) = ¢1, (P, 9),
ey (z,p) = @1 (i,p) = ¢r(i,p) = o1, (2, P),

we deduce, by Theorem 1, that T = T7.

This completes the proof that T is obtained from T” by interchanging the leaf j and its nephew k. [

Lemma 12. Let T,T' € BT, be such that Do(T,T") < 4. If pr(3,7) = o1 (3, §)+1, for some1 <i<j<n,
and the subtree of T' rooted at [i, |1+ is the quartet depicted in the right hand side of Fig. 9, then T is obtained
from T’ by interchanging j and k: cf. Fig. 11. And, then Do(T,T') = 4.

QO ONENO®
ONONONO ORONONO,
T T

Figure 11: The only pairs of trees T,T" such that Do(T,T’) < 4 and ¢r(i,j) = ¢7/(i,5) + 1, when the
subtree of T” rooted at [i, j]7 is a quartet.
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Proof. Assume that the subtree of 7" rooted at [¢, j]+ has the form depicted in the right hand side of Fig.
9, and that gOT(i,j) = (pT/(i,j) + 1.
If or(i, k) > o7 (i, k), then

@T(lvk) = ()OT/(Z'a k) = @T’(ivj) +1= @T(Zvj)

which is impossible if 4,5 are sibling in T. Therefore, o7 (i,k) < 7 (i,k) and, by Lemma 7, ¢7(i, k) =
o7/ (i, k) — 1, and in particular pr(i, k) = or(i,7) — 1. By symmetry, or(j,1) = @1/(j,1) — 1 and hence

or(j,1) = @r(i,j) — 1, too. Therefore, both k and [ are descendants of the parent of [i, j]r. But then,
o1 (k1) = o1 (i, §) = or(i,j) — 1 < pr(k,1)

and therefore, by Lemma 7, or(k,1) = o/ (k, 1) + 1 = o7 (i,5).
At this point, Do(T,T') < 4 entails that ¢r(z,y) = ¢ (x,y) for every (z,y) other than
(4,9), (i, k), (4,1), (k,1). Moreover, i, k, j,l are the only descendant leaves of the parent of [i, j]r in T. Indeed,

if h is another descendant leaf of the parent of [¢, |7/, then
o1/ (i, h) = or(i, h) = or(i,j) — 1= or(i, )

and therefore h would be another descendant of [i, j]7v. And, as we have seen, the subtree T of T' rooted at
this node is obtained from the subtree T{ of T' rooted at [i, j]7» by interchanging j and k. Finally, arguing
as in the last part of the proof of the previous lemma, we deduce that T and T are exactly the same except

for Ty and T§. O

We have proved so far that the minimum value of Dy on BT, is 4, and we have characterized the pairs
of trees T, T" € BT, such that Do(T,T’) = 4. To extend this result to every D,, p > 1, it is enough to check
that every pair of binary trees such that Do(T,T’) = 4 also satisfies that D,(T,T") = 4 for every p > 1,

which is straightforward. This completes the proof of Proposition 3.

Proof of Proposition 4
Let X,, denote any space UT ,, Ty, or BT, and let A,(X,,), p € {0} U[1, 00, denote the diameter of dy , on
X,.

We consider first the case p = 1, which will be used later to prove the case p > 1. For every T € UT ,,,

let

S(T)zZéT(i% oT)= > er(ij).

1<i<j<n
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Figure 12: (a) The rooted star with n leaves. (b) The only maximally balanced tree with 5 leaves, up to
relabelings. (c) A rooted caterpillar with n leaves.

S and ® are the extensions to UT, of the Sackin index [3] and the total cophenetic index [1] for phylogenetic
trees without nested taxa, respectively. Notice that ||¢(T)||x = S(T) + ®(T). We have the following results

on these indices:

o It is straightforward to check that the minimum values of S(T') and ®(T) on 7,, are both reached at
the rooted star tree with n leaves (the phylogenetic tree with all its leaves of depth 1; see Fig. 12.(a)),

and these minimum values are, respectively,
min S(7,) =n, min®(7,)=0.

e It is also straightforward to check that the minimum values of S(T") and ®(T) on UT,, are both reached
at the rooted star tree with n — 1 leaves and with the root labeled with n, and these minimum values

are, respectively,

min SUT,) =n—1, mind®UT,)=0.

e The minimum values of S(T") and ®(T") on BT, are both reached at the mazimally balanced trees with
n leaves (those binary trees such that, for every internal node, the numbers of descendant leaves of its
two children differ at most in 1; see, for instance, Fig. 12.(b)). And then, these minimum values are,

respectively,

min S(BTn) = nLlogQ (4n)J — 2Llog2(2n)j

n—1
min ®(BT,,) = Z a(k), where a(k) is the highest power of 2 that divides n!
k=0

For the proofs, see [4] combined with [2] for S, and [1] for ®. From the first formula it is clear that
min S(BT,,) is in ©(nlog(n)). As far as min ®(BT,) goes, it is shown in [1] that it satisfies the

recurrence

[n/2]

min ®(B7,) = min ®(BT [,,/21) + min ®(BT |, /2)) + (MQQW) n ( !

), forn >3
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from where it is obvious that its order is in ©(n?).

The maximum values of S(T) and ®(7") on both 7, and BT, are reached at the rooted caterpillar trees
with n leaves (binary phylogenetic trees such that all their internal nodes have a leaf child; see Fig.
12.(c)). And then, these maximum values are, respectively,

max S(7,) = max S(BT,,) = (n ;r 1) —1, max®(7,) = max ®(BT,,) = (Z),

which are thus in ©(n?) and ©(n?), respectively. For the proofs, see again [4] for S and [1] for ®.

Given any tree in U7, with a nested taxon, if we replace this nested taxon by a new leaf labeled
with it pending from the node previously labeled with it (cf. Fig. 13), we obtain a new tree in UT,
with strictly larger value of S and the same value of ®. This shows that the maximum values of S(T)
and ®(T) on UT,, are reached at trees in 7, and hence at the rooted caterpillar trees with n leaves.

Therefore, they are also in ©(n?) and ©(n?3), respectively.

Figure 13: This operation increases the value of S and does not modify the value of .

From these properties we deduce the following result.

Lemma 13. The minimum value of ||o(T)|lx on UT ., and Ty, is in O(n). The minimum value of || (T)|l1

on BT, is at most in ©(n?). The maximum value of ||@(T)|1 on UT, T, and BT, is in ©(n?). O

Now, we can apply this lemma to find the order of the diameter of d, ; on the spaces X,, of unweighted

phylogenetic trees.

Lemma 14. The diameter of d,1 on UT ,, Tp, and BT, is in ©(n?).

Proof. Let T1,T5 € X,,. Then, on the one hand,

dp1 (T3, T2) = [[o(T1) = @(T) |l < lle(TD)l1 + lle(T2)]l1 < 2 max (X)) [ = ©(n?)

which shows that A1(X,,) < O(n?). On the other hand, if || (T1)||1 = |l¢(T2)]1, then

dp1 (T, T2) = |lo(T1) — (T2)[lr = [lo(To)[lx = [[o(T2)]1
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and therefore A;(X,,) > max [|p(X,,)||1 — min ||¢(X,,)||1, which is again in O(n3). This shows that A;(X,,)

is in ©(n?), as we claimed. O

1
Let us consider now the case p > 1. Since, for every 2 € R™, ||z||; < m'~#|z||,, we have that, for every

pair of trees T7,T5 € X,

1—1
n+1 P
dgo,l(TlaT2) < < 9 > d%p(Tl,Tz).

and therefore

from where we deduce that

We have that, for every 11,715 € X,

le(T1) = o(To)llp < e (To)llp + lo(T2)llp, = /@ (T1) + /@ (T2)

< 28/max o) (X,,),

which implies that A,(X,,) < 2{/max¢®) (X,,). Therefore, to prove that the diameter of dy,, on each X,

d(p7p(T17 TQ)

is bounded from above by O(n(P+2)/P) it is enough to prove that max ¢®)(X,,) < O(nP*?). We do it in the

next lemma.

Lemma 15. The mazimum value of 0®) (T) on UT ,, T, or BT, is reached at the rooted caterpillars, and

its value is in ©(nPT2).

Proof. Arguing as in the case p = 1, we have that the maximum value of ) (T) on UT,, is reached on
trees in 7, because if we replace each nested taxon in a tree by a new leaf labeled with the same taxon as
in Fig. 13, the value of »() increases. On the other hand, if a tree T' € 7,, contains a node with k > 3
children, as in the left hand side of Fig. 14, and we replace its subtree rooted at this node as described in
the right hand side of Fig. 14, we obtain a new tree T’ € T,, with larger ¢®) value: the values of (i, j)? for
1,7 € L(T1) U--- U L(Tx—1) increase, and the other values of (i, )P do not change. This implies that for
every non-binary phylogenetic tree T € T,, there always exists a binary phylogenetic tree 7' € BT, such
that ®)(T") > ©P)(T) and in particular that the maximum value of ¢®) (T) on UT,, is actually reached
on BT ,.
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Figure 14: o®)(T") > o®)(T).

Figure 15: @ (T") > o®)(T).

Let now T' € BT ,, and assume that it is not a caterpillar. Therefore, it has an internal node z of largest
depth without any leaf child; in particular, all internal descendant nodes of z have some leaf child. Thus,
and up to a relabeling of its leaves, T has the form represented in the left hand side of Fig. 15, for some
k > 2 and some | > k + 2. Consider then the tree T’ depicted in right hand side of Fig. 15, where the grey
triangle represents the same tree in both sides. It turns out that p®)(T") — o®)(T) > 0. Indeed, if ¢ denotes

the depth of the node z in both trees, then

(q+i)P — (q+i+1)P ifl<i=j<k—1
0 ifi=j=k
(g+i)? —(q+i—k+1)P ifk+1<i=4<1-1

. . (g+1-1)P—(qg+1—-kP ifi=j=

pr (6, 5) = or (i J)F = (g+i—1)P —(¢+a)P if1<i<j<k

(q+i—1)P—(qg+i—kP ifk+1<i<j<lI
(q+i—1)P —¢gP fl<i<hk<j<l
0 otherwise
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Therefore,

k—1

-1

ePN(T") — ®)(T) :Z;«q+ﬂ”*@+i+Dﬂ%jg;f@+®p*@+ifk+nﬁ
+(q+l—1)”—<q+l—k>p+§(k—i>(<q+i—1)p—(q+z‘)”)
43§ifw4)m+i—mp—@+¢—kw)+§éa—kx@+i—np—
=(¢g+1)P - q+kp+l§5 ((g+k+9)P = (¢+1+19)7)
+(g+1-1)P - q+l;_P+§j k—i)((g+i—1)P = (¢+ 1))
+f§fl— k—i)((g+k+i—1)P— @+4V)+§3U—kxw+i—np—

—

1=

i=1

To prove that this sum is non-negative, let us write it as

(p(P) (T") —

where

(g +k+1)?

~)(lg+i-17 -

—(g+1+9)P) +

eP(T) = S1 + S5 + Ss,

M=

(a+07) + Y (=B (g +i=1"—¢)
-1
(l—k—i)((g+k+i—1)P—

Il
-

[

l

|
>

<.
Il

S3 (+Up*@+ky+@+l*Up*@+l*@
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Then

k—1 k
S =Y (k=i)((g+i—1P = (qg+)") + > (—k)((g+i—1)"—q"),
=1 i=1
k—1 k—1 k
=Y (k=i)(g+i=1P =D (k=D)g+)P+> (—k)((g+i—1"—¢),
=1 =1 =1
k—1 k k
:Z(k—i)((I—H'—l)p—Z(k—H—l)(Q—H—l K)> (q+i—1)P — k(I — k)",
]iill =2 =1
=Y U—k=1)(g+i— 1P +ke’ = (q+k— 1P+ (1 —k)(g+k—1)" —k( - k)¢,
=1 .
—k=1)> ((g+i-1)P—¢") >0
l—k—1 =t l—k—1
Sy = ((g+k+0)P —(g+1+4)P) + (I—k—1)((g+k+i—1P—(qg+9)P)
i i
= > ((g+k+iP—(g+1+i)) + (I—k—i—1)((qg+k+9)P”—(qg+i+1)P)
=1 1=0
l—k—1

= Z (-k—i)((g+k+i)P—(g+1+0)P)+ (1 —k—1)((g+k)P — (g+1)7)

> (—k=1D((g+k)? - (g+1)7).

ww> ¢Wﬂ Sy + 82+ Sy
—D((g+k)P = (g+1)P) +(q+1)P = (g + k)P +(q+1—-1)P = (¢ +1— k)P
-2)((q+ kP —(q+1)?)+(q+1—-1)* = (g+1—k)* > 0.

This implies that no tree other than a rooted caterpillar can have the largest »(?) value in BT, and
hence also in 7,, and UT,,.
Finally, if K,, denotes the rooted caterpillar with n leaves in Fig. 12.(c),
(n—1) ifi=j=1
e, (1,j)" =9 (n—i+1)P if2<i=j<n
(n — j)P ifl<i<j<n
and thus

(p(p)([(n) =(n—2)-1P4+n—-3)-2P+---42-(n =3P +1-(n—2)"
+1P 42 4+ (n=2)P + (n—1)P + (n —1)P
=(n—1)1P+(n—2) -2+ +3- (n=3P +2- (n— 2P+ (n— 1)’ + (n — 1)?

=Y k)R (=1
k=1

Now, it turns out that
n—1

m_# m+1 m
>k = "+ om™). (1)

k=1
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This property is well known for natural numbers m € N [5]. For arbitrary real numbers m > 0, it derives

from the fact that

n—1 n—1 n—1
/ (x —1)"dx < Z kM < / x"dx,
1 =1 1

and then

n—1 1
/1 (r —1)"dx = 1 (n—2)"" = ——pmt 1L O(n™)

n—1
1
/ z"dx =
1 m-+1

So, by identity (1), we have that

1)m+1 —

(n—

n—1 n—1 n—1
1 1
n—k -k 4+(n—-1)°P=n kP — P+ 0mP) = (—— — —— \nPT2 4 O(nPt!
k§:1)< ) kP + (n—1) k§:lj k§:1j (") =7~ 73) (nP*1)

and hence ) (K,,) is in ©(nP*2). O

Therefore, O(nP+2/P) < A,(X,,) < O(nP*+2)/P) which shows that the diameter of d,, , on U7, T, and
BT, is indeed in ©(n(P+2)/p).,

We finally prove the case p = 0, which needs a completely different argument.

Figure 16: The caterpillars used in the proof of Lemma 16.

Lemma 16. The diameter of dyo on UT y, Ty and BT, is in O(n?).

Proof. Since the cophenetic vector of a tree T € UT, lies in R*™+1/2 it is clear that dyo(T1,T2) <
n(n 4+ 1)/2, for every T1,To € UT . Now, consider the pair of rooted caterpillars with n leaves depicted in
Fig. 16. We have that

-1 forevery 1 <i<j<n
forevery 2<<i<n—1

This shows that the number of pairs (7, j), 1 <4 < j < n, such that px (i,j) = ¢k (i,7) is at most (n+1)/2,

and therefore that d, o(K, K') is at least (n?—1)/2. So, the diameter of d, o on UT,, is bounded from above
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by O(n?), and its diameter on BT, is bounded from below by O(n?), which implies that the diameter of
dpo on UT,, T, and BT, is in O(n?). O
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