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Hill-Climbing Schemes

• Iterative, e.g. D. Comaniciu and P. Meer. Mean shift: A robust
approach toward feature space analysis. IEEE Trans. on Pattern Analysis
and Machine Intelligence, 24(5):603619, May 2002.

• Non-iterative, e.g. W. L. Koontz, P. M. Narendra, and K. Fuku-
naga. A graph-theoretic approach to nonparametric cluster analysis.
IEEE Trans. on Computers, 24:936944, September 1976.
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[Koontz, Narendra, Fukunaga’76] in a Nutshell
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typically, one uses a Gaussian kernel estimator in practice
estimate density

at the data points
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typically, one builds a Rips or k-NN graph in practice, since these only require to use distance computations
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typically, one connects each vertex to its graph neighbor with highest density value. This neighbor is called the parent of the current vertex. If no neighbor is higher than the current vertex, then the latter is declared a peak. Note that [KNF’76] normalizes the difference in height by the edge length.

the set of pseudo-gradient edges forms a spanning forest of the graph, where each tree represents a cluster and its root is a (estimated) density peak within the graph and acts as cluster center

typically, one builds a Rips or k-NN graph in practice, since these only require to use distance computations

typically, one uses a Gaussian kernel estimator in practice
estimate density

at the data points

approximate gradient

by a graph edge

[Koontz, Narendra, Fukunaga’76] in a Nutshell

at each data point

build neighborhood graph
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for i = 1 to n do
Let N be the set of neighbors of i in G that have indices lower than i;
if N = ∅ // vertex i is a peak of f̂ within G

Create a new entry e in U and attach vertex i to it;
r(e)← i // r(e) stores the root vertex associated with the entry e

else // vertex i is not a peak of f̂ within G

g(i)← argmaxj∈N f̂(j) // g(i) stores the approximate gradient at vertex i

ei ← U .find(g(i));
Attach vertex i to the entry ei;

Sort the vertex indices {1, 2, · · · , n} so that f̂(1) ≥ f̂(2) ≥ · · · ≥ f̂(n);
Initialize a union-find data structure (disjoint-set forest) U and two vectors g, r of size n;

Pseudo-code:
Input: neighborhood graph G with n vertices, n-dimensional vector f̂ (density estimator)

Output: the collection of entries e in U
5

graph-based

hill-climbing

(1976)



The main reason why we got a wrong result here is that our estimator is very noisy, with many local peaks in the plane that create local peaks within the graph. Generally speaking, differential quantities like peaks and gradients are very unstable under C0 perturbations of the function, which is what happens when a density estimator is used.

transition: the result obtained depends on your choice of estimator, neighborhood graph and gradient approximation strategy.Why things are likely to go ill

estimated
density

• Noisy estimator
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The main reason why we got a wrong result here is that our estimator is very noisy, with many local peaks in the plane that create local peaks within the graph. Generally speaking, differential quantities like peaks and gradients are very unstable under C0 perturbations of the function, which is what happens when a density estimator is used.

But it is not the only reason. Even with a perfect estimator (i.e. the original density function, as shown below), the fact that we work in some neighborhood graph instead of the ambient space may create artificial peaks, such as for instance the saddle point on the edge of the crater which turns into a peak in the graph, or the actual peak of the crater which is duplicated into 3 peaks.
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more precisely: after the (non-iterative) mode-seeking step, move each point to its cluster center, then restart the process with this new, smaller, point cloud , thus obtaining a new spanning forest. Continue until no further changes occur. Note that the underlying neighborhood graph remains the complete graph throughout the process. This iterative process is applied blindly, with no control over the final number of clusters. Therefore proving anything regarding the quality of the output is difficult, and in the original Medoid-Shift paper [Sheikh, Khan, Kanade 2007] they merely prove a similar behavior to Mean-Shift asymptotically, i.e. as the number of data points tends to infinity.

in fact, it may even worsen the neighborhood graph issue, since smoothing the estimator tends to enlarge the areas where the norm of the gradient is small, which are typically the areas where the neighborhood graph may have spurious peaks.

The main reason why we got a wrong result here is that our estimator is very noisy, with many local peaks in the plane that create local peaks within the graph. Generally speaking, differential quantities like peaks and gradients are very unstable under C0 perturbations of the function, which is what happens when a density estimator is used.

But it is not the only reason. Even with a perfect estimator (i.e. the original density function, as shown below), the fact that we work in some neighborhood graph instead of the ambient space may create artificial peaks, such as for instance the saddle point on the edge of the crater which turns into a peak in the graph, or the actual peak of the crater which is duplicated into 3 peaks.

transition: the result obtained depends on your choice of estimator, neighborhood graph and gradient approximation strategy.Why things are likely to go ill

• Noisy estimator

• Neighborhood graph

Solutions:

1. Be proactive: smooth-out estimator before clustering, a la Mean-Shift

→ how much smoothing is needed?

→ does not solve the neighborhood graph issue

2. Be reactive: merge clusters after clustering, to regain some stability

→ use topological persistence to guide a single-pass merging step

6

→ repeat mode-seeking until convergence (Medoid-Shift [SKK’07])
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Enter Topological Persistence...
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Topological Persistence (in a nutshell)

f : X → R

persistence

Dg f

X topological space

∞

X

R

f

signature: persistence diagram

encodes the topological structure of the pair (X, f)
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Inside the black box:
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• Track the evolution of the topology throughout the family
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Inside the black box:
• Nested family (filtration) of sublevel-sets f−1((−∞, t]) for t ranging from −∞ to +∞
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Topological Persistence (in a nutshell)

α

β

X

R

Inside the black box:

α

β

∞

• Nested family (filtration) of sublevel-sets f−1((−∞, t]) for t ranging from −∞ to +∞
• Track the evolution of the topology throughout the family

• Finite set of intervals (barcode) encodes births/deaths of topological features

f

• Alternate representation as a multiset
of points in the plane (diagram).
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Topological Persistence (in a nutshell)

α

β

X

R

α

β

∞

f

Algorithm:

• input: graph G = (V,E) + map f : V t E → R

• procedure: scan graph by increasing f -values, update CCs by union-find



9X

R

∞

What if f is slightly perturbed?

g

Inside the black box:

• Track the evolution of the topology throughout the family

• Finite set of intervals (barcode) encodes births/deaths of topological features

• Alternate representation as a multiset
of points in the plane (diagram).

f

Topological Persistence (in a nutshell)

• Nested family (filtration) of sublevel-sets f−1((−∞, t]) for t ranging from −∞ to +∞
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R

∞

Theorem (Stability): [Cohen-Steiner et al. 2005, Chazal, O. et al. 2009]
For any tame functions f, g : X→ R, d∞B (Dg f,Dg g) ≤ ‖f − g‖∞.

g

f

Topological Persistence (in a nutshell)



10

2 4 6 8 10 12 14 160

Example: Distance Function

fP : R2 → R
x 7→ minp∈P ‖x− p‖2
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barcode → merge tree

Example: Distance Function

fP : R2 → R
x 7→ minp∈P ‖x− p‖2
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2 4 6 8 10 12 14 160

(single-linkage)

Example: Distance Function

fP : R2 → R
x 7→ minp∈P ‖x− p‖2

barcode → merge tree → dendrogram



Back to Mode Seeking

(use density estimator instead of distance function)
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Persistence for Mode Seeking

Given a probability density f :
• Nested family (filtration) of superlevel-sets f−1([t,+∞)) for t from +∞ to −∞.

• Track evolution of connected components throughout the family.
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Persistence for Mode Seeking

α

β

Given a probability density f :

α

β

−∞

• Nested family (filtration) of superlevel-sets f−1([t,+∞)) for t from +∞ to −∞.

• Track evolution of connected components throughout the family.

• Finite set of intervals (barcode) encodes births/deaths of topological features.

+∞

+∞
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Persistence for Mode Seeking

Rd

R

−∞ +∞

+∞

Stability Theorem ⇒ d∞B (Dg f,Dg f̂) ≤ ‖f − f̂‖∞.

Given an estimator f̂ :



Transition: here is how we apply persistence in our context.

More precisely...

• Density estimator f̂ defines an order on the point cloud

(sort data points by decreasing estimated density values)

12



Transition: here is how we apply persistence in our context.

More precisely...

• Density estimator f̂ defines an order on the point cloud

(sort data points by decreasing estimated density values)

• Extend order to the graph edges → upper-star filtration

(f̂([u, v]) = min{f̂(u), f̂(v)})

12



Transition: here is how we apply persistence in our context.

More precisely...

• Density estimator f̂ defines an order on the point cloud

(sort data points by decreasing estimated density values)

• Extend order to the graph edges → upper-star filtration

(f̂([u, v]) = min{f̂(u), f̂(v)})

• Compute the 0-dimensional persistence diagram of this filtration

(apply 0-dimensional persistence algorithm → union-find data structure)

0

-∞
0
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each point in the diagram represents a peak of the density in the neighborhood graph, and the vertical distance of thie point to the diagonal gives the prominence of the peak.

0

-∞
0

13

Estimating the Correct Number of Clusters



These peaks are born from the noise in the estimator plus the use of a neighborhood graph. Their prominences are small and so they are identified as topological noise in the PD.

0

-∞
0

topological

noise

13

Estimating the Correct Number of Clusters



These peaks are born from the disconnectness of the neighborhood graph in low-density areas. They have small heights (hence appear lately in the diagram) and their clusters last forever as independent connected components. They are identified as background noise in the diagram.

0

-∞
0 background noise
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Estimating the Correct Number of Clusters



These peaks correspond to the peaks of the underlying density function, even though they may not lie at the same locations in space.

0

-∞
0

6 prominent

peaks
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Estimating the Correct Number of Clusters



Any prominence threshold τ within the range of the prominence gap will separate the relevant peaks from the topological and background noise.
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-∞ τ0
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Estimating the Correct Number of Clusters



Merging Clusters
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• degree-0 persistence algo. builds a hierarchy of the peaks of f̂ (merge tree)

• merge clusters according to the hierarchy (merge each cluster into its parent)
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α

β

γ

δ

• degree-0 persistence algo. builds a hierarchy of the peaks of f̂ (merge tree)

• given a fixed threshold τ ≥ 0, only merge those clusters of prominence < τ

γ − δ < τ ≤ +∞

p

q

s

• merge clusters according to the hierarchy (merge each cluster into its parent)



Note: the upper-star filtration is used, so that the edges are treated on the fly with the vertices

for i = 1 to n do
Let N be the set of neighbors of i in G that have indices lower than i;
if N = ∅ // vertex i is a peak of f̂ within G

Create a new entry e in U and attach vertex i to it;
r(e)← i // r(e) stores the root vertex associated with the entry e

else // vertex i is not a peak of f̂ within G

g(i)← argmaxj∈N f̂(j) // g(i) stores the approximate gradient at vertex i

ei ← U .find(g(i));
Attach vertex i to the entry ei;
for j ∈ N do

e← U .find(j);

if e 6= ei and min{f̂(r(e)), f̂(r(ei))} < f̂(i) + τ
U .union(e, ei);

r(e ∪ ei)← argmax{r(e), r(ei)}f̂ ;
ei ← e ∪ ei;

Sort the vertex indices {1, 2, · · · , n} so that f̂(1) ≥ f̂(2) ≥ · · · ≥ f̂(n);
Initialize a union-find data structure U and two vectors g, r of size n;

Pseudo-code:
Input: simple graph G with n vertices, n-dimensional vector f̂ , real parameter τ ≥ 0.

Output: the collection of entries e of U such that f̂(r(e)) ≥ τ .
15

graph-based

hill-climbing

(1976)

with persistence

cluster merges

(2013)



We purposefully omit the density estimation and neighborhood graph computation from our complexity analysis, to stress how fast the clustering per se is. In practice, density estimation and neighborhood graph computation are clearly the pacing steps.

This is mainly interesting for sparse graphs, e.g. k-NNs graphs

Nevertheless, even for dense graphs, it is interesting to note that only a linear amount of main memory is used, since only the graph neighborhood of the current vertex is inspected at each iteration. The size of this neighborhood is at most linear in n, and in many cases it remains in fact constant.

The first term corresponds to sorting the data points according to their density values. Assigning values to edges and sorting them then takes linear time. The second term corresponds to the 0-dimensional persistence algorithm, which performs one find per data point and per graph edge to determine the cluster memberships, then possibly one union per edge to perform the merges.

Complexity of the Algorithm

16

→ Running time: O(n log n+ (n+m)α(n))

Given a neighborhood graph with n vertices (with density values) and m edges:

→ Space complexity: O(n+m)

→ Main memory usage: O(n)

1. the algorithm sorts the vertices by decreasing density values,

2. the algorithm makes a single pass through the vertex set, creating the span-
ning forest and merging clusters on the fly using a union-find data structure.



By contrast, the spectrum of the graph Laplacian does not show any significant gap, and in fact the result of spectral clustering is ruined due to the presence of background noise, which dooms the k-means step in eigenspace.

Experimental Results

17

Synthetic Data

1 2 3 4 5 6 7 8 9 10
0.98

0.982

0.984

0.986

0.988

0.99

0.992

0.994

0.996

0.998

1
Spectral clustering

(k-means in eigenspace)



We first run the algorithm with an arbitrary value for τ = 0, and we look at the output PD.

Experimental Results

17

Synthetic Data

−∞

τ = 0

ToMATo



Then we re-run the algorithm with this choice of parameter τ , to obtain 2 clusters

Experimental Results

17

Synthetic Data

τ
−∞

ToMATo



The trend of having two prominent peaks and topological noise is amplified when the number of data increases from 20k to 100k. We used the Delaunay graph as neighborhood graph, to reduce the size and speed up the computation.

Experimental Results

17

Synthetic Data

τ
−∞



It is known that the energy of a conformation depends mainly on two specific bound angles, so the data can be projected down almost isometrically into the 2-d flat torus (Ramachandran plot), which we only use for visualization purposes.

Note: the PD is plotted on a log/log scale, to avoid scaling effects. So actual differences in prominence are orders of magnitude, as the next view shows.

Experimental Results

18

Biological Data
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Alanine-Dipeptide conformations (R21)

RMSD distance (non-Euclidean)

Common belief: 6 metastable states

PD shows anywhere between 4 and 7 clusters



It is known that the energy of a conformation depends mainly on two specific bound angles, so the data can be projected down almost isometrically into the 2-d flat torus (Ramachandran plot), which we only use for visualization purposes.
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Biological Data

Alanine-Dipeptide conformations (R21)

RMSD distance (non-Euclidean)

Common belief: 6 metastable states

PD shows anywhere between 4 and 7 clusters
1 2 3 4 5 6 7 80

1

2

3

4

5

6

7

Number of clusters

M
et
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y

MetastabilityRank Prominence

1 +∞ 0.99982
2 3827 1.91865
3 1334 2.8813
4 557 3.76217
5 85 4.73838
6 32 5.65553
7 26 6.50757
8 7.2 6.8193
9 3.0 -

10 2.2 -

Measures of metastability confirm this insight



For reference on the data set and spectral approach, please refer to the following paper

It is known that the energy of a conformation depends mainly on two specific bound angles, so the data can be projected down almost isometrically into the 2-d flat torus (Ramachandran plot), which we only use for visualization purposes.

Experimental Results
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Biological Data

Alanine-Dipeptide conformations (R21)

RMSD distance (non-Euclidean)

• Y. Yao, J. Sun, X. Huang, G. Bowman, G. Singh, M. Lesnick, L. Guibas, V. Pande,
G. Carlsson, Topological methods for exploring low-density states in biomolecular
folding pathways, The Journal of Chemical Physics, 2009.

Note: Spectral Clustering takes a week of tweaking,
while ToMATo runs out-of-the-box in a few minutes



The segments are shown in fake colors, for a clearer visualization. Note the presence of black points: these are not a cluster per se, but were discarded from the point cloud as outliers during the density estimation step: this improved the result quite a bit. → advice: for image segmentation, perform a preliminary outliers detection and removal for better results down the road.

This operation is very fast. The output clusters are sensitive to the location in the image, thus the different colors on the two eyes and two cheeks.

This observation suggests that the correct number of segments in the image is usually not readily available, which follows the general idea that image segmentation is an ill-posed problem.

Experimental Results

19

Image Segmentation

0 0.5 1 1.5 2 2.5 3
0
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0.8

1

1.2

1.4

1.6

1.8

2

Density is estimated in 3D color space (Luv)

Neighborhood graph is built in image domain

Distribution of prominences does not usually
show a clear unique gap

Still, relationship between choice of τ and
number of obtained clusters remains explicit


