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The test lasts 3 hours. Handwritten or printed course notes are the only documents allowed. Most
questions are independent, in the sense that it is not necessary to have answered the previous questions in
order to deal with a question. On the other hand, questions can call on definitions or results introduced in

previous questions. Unless explicitly stated otherwise, all answers must be justified.
Feel free to answer in French or English.
Figures 1-4 are grouped together at the end of the subject on page 16.
Suggestion: detach the last two sheets.

In this subject, we consider a small imperative language called GOO, manipulating integers and
structures allocated on the heap, whose abstract syntax is given in Figure 1. A program (p) is a list
of type declarations of structures (D), mutually recursive, and a list of function definitions (F'), also
mutually recursive. A structure S is declared with the list of its fields, each field y being accompanied
by its type 7. A type is either int, for an integer, or *S for a pointer to a structure S. Here is an
example of a program that defines a type L of a singly linked list and a function len to calculate the
length of a list:

struct L { head int, next *L }
struct R { r int }
func (1 *L) len(out *R) {
if 1 = nil then out.r = 0 else { 1l.next.len(out) out.r = out.r - -1 }

¥

As we can see, the definition of a function and its call distinguish the first parameter, called the
recetwer, whose type must be a pointer. We note that the receiver can be the null pointer. The
semantics is strict, with call by value. Functions do not return anything, but they do have effects,
either through the print instruction or by modifying the content of a structure, as in the example
above.

Question 1 Give the code for a function func (1 *L) nth(i int, out *R) that puts the i-th
element of the list 1 into out.r, with elements counted from 0. We assume 0 < i < n where n is the
length of the list 1.

Correction :

func (1 *L) nth(i int, out *R) {
if 1 - 1 < 0 then out.r = 1.head else 1l.next.nth(i - 1, out)
+




Question 2 Give the code for a function fib_below that constructs and stores in out.1 the list of
Fibonacci numbers strictly less than max, in ascending order.

struct P { 1 %L }
func (out *P) fib_below(max int) { ... }

(Reminder: The Fibonacci sequence (F},) is defined by Fy = 0, F} = 1, and F,,o = F,, + F,4; for
n >0.)

Correction :

struct P { 1 *L }
func (out *P) fib_below(max int) { out.fib_below_aux(0, 1, max) }

// adds F(n)... to the list, with a=F(n) and b=F(n+1)
func (out *P) fib_below_aux(a int, b int, max int) {
if a - max < 0 then {
out.fib_below_aux(b, a - (0 - b), max) // adds F(n+1)... to the list
out.cons(a, new(L)) // then a at the front
} else { out.1 = nil }

}

func (out *P) cons(v int, 1 *L) {
l.head = v
1l.next = out.1
out.1 =1

Semantics. We equip GOO with a big-step operational semantics. A value v is either an integer n,
or the value nil, or an address /. A memory M is a function that associates an address ¢ with the
content of a structure, the latter itself being a function from fields to values. Thus, M (¢)(y) is the
value of the field y of the structure located in memory at address ¢, provided that ¢ € dom(M) and
y € dom(M(¥)). An environment E is a function from variables to values.

For expressions, we introduce a relation M, F,e — M’ v meaning “in memory M and environ-
ment F, the expression e evaluates successfully to the value v, for a final memory M’.” (The presence
of the new construction in expressions induces a possible modification of memory during the evalua-
tion of an expression.) Figure 2 defines this relation through a set of inference rules. In these rules,
the notation M @ {x — v} denotes the function M’ defined by:

M'(z) = v,
M'(y) = M(y) for y € dom(M) and y # z.
In particular, we have dom(M’) = dom(M) U {x}.

For instructions, we introduce a relation M, F, s om meaning “in memory M and environ-
ment F, the instruction s evaluates successfully, for a final memory M’ and a trace t.” A trace is
the sequence of integers displayed by print, represented by a word over the alphabet Z. We denote
¢ the empty word and ¢, the concatenation of the words ¢; and t,. For n € Z, the trace n is the

t
word of length 1 reduced to n. Figure 3 defines the relation —» through a set of inference rules.



Question 3 Give the derivation of the semantics of the instruction {print(34) print(60-5) }
in an empty memory and an empty environment.

Correction :
60-->>60 5-->>5
60-5 -—-->> 55
34-->>34 print (60-5) --55-->> {} --eps——>>
print(34) --34-->> { print(60-5) } --55-->>

{ print(34) print(60-5) } --34.55-->>

(The memories and environments have been systematically omitted, as they are empty.)

Determinism of the Semantics. Similar to what we did in class, we can ask ourselves about the
determinism of the semantics of GOO. Since this is not entirely trivial, let’s take a few moments to
think about it.

Question 4 Show that the semantics of expressions is not deterministic, in the sense that if
M,E e - My,v; and M, E,e - M, v, then we do not necessarily have v; = vy or even My = M,.

Correction : It is sufficient to consider an expression that involves an allocation, as
simple as new(S) for example, because we then obtain two fresh addresses that are not
necessarily equal, and thus two possibly different memories M; and M.

Question 5 Provide convincing arguments to show that, nevertheless, the trace semantics of GOO
t t

is deterministic, in the sense that if M, E. s —% M, and M, E, s 2 Ms, then t; = t5. We do not

ask for a formal proof down to the last detail, but we do ask to introduce at least the key ingredients

(definitions, lemmas).

Correction : The general idea is that, even though the semantics is not deterministic due
to the address returned by new, the memories and environments of the same computation
remain isomorphic.

We can formalize this as follows. If # is a mapping from addresses to addresses, we denote

)
V1 & vy the relation defined by:

9 o 0
nn nil ~nil (=~ 0(0)



That is, € maps the value v; to the value v,.

Then, we define an isomorphism for environments:
By % B, & dom(Ey) = dom(Es) A Va. Ey(x) ~ Ey(z)
Another for memories:

My R M, & (V0.0 € dom(M,) & 6(f) € dom(M,)) A
0

Ve 0 € dom(M,) = dom (M, (£)) = dom(Ma(0(£))) A Vy. My(€)(y) ~ Ma(6(£))

And finally:
My, By éM%EQ = M R M, N E; éEz

We can then state (and prove, even if we do not do it here) the following properties. For
expressions:

If Ml,El MQ,EQ, if M17E1; e —» Ml,Ul and if MQ,EQ, e —» MQ,UQ, then there
exists 6 such that M’ M}, and vy i V.

For instructions:

If My, By % My, By, if My, Ey, s i» M! and if My, By, s 2 M}, then t; = t
and there exists ¢’ such that M| ~ M !

We deduce the desired result (since trivially M, E LM , E by the identity).

Compilation to Goo. We want to convince ourselves that our language GOO is not too simple
by studying the possibility of executing arbitrarily complex programs in it. To do this, we consider

the small language WHILE whose abstract syntax is as follows:

e m= n constantn € Z s n= {s...5%} block
|z variable | == assignment
| e~ subtraction | prlnt (z) print

| whilexz <ndos loop

A WHILE program is reduced to an instruction s. All variables are global (not explicitly declared)
and only contain integers. The semantics of this language should be clear. To compile a WHILE
program to GOO, it is sufficient to define a type State for the set of its variables, for example like

this for a program manipulating three variables a, b, c:
struct State { a int, b int, ¢ int }

Then, define a function run on this state, like this:
func (s *State) run() { ... }

And finally, execute the instruction new(State) .run().



Question 6 Provide a compilation scheme for the body of the function run.

Correction : The compilation of WHILE expressions is immediate:

C(n) :=n
C(x) = s5.X
C(el-e2) := C(el)-C(e2)

For instructions, we number the different loops of the WHILE program, then translate
the expressions as follows:

C({s1 s2 ... sn}) =9{ C(s1) C(s2) ... C(sn) }
C(x = e) = s8.x = C(e)
C(print(x)) = print(s.x)
C(while x < n do s) := s.while_i()
with

func (s *State) while_i() { if s.x — n < 0 { C(s) s.while_i() } else {} }

Question 7 Equip the language WHILE with a big-step semantics analogous to that of Goo, with:

e a relation E, e — n for the evaluation of an expression e;

. i . . .
e a relation £, s —» E' for the evaluation of an instruction s.

State the theorem of correctness of the compilation from WHILE to GOO. (No proof is required.)

Correction : For expressions:

x in dom(E) E,el -=>> n1 E,e2 -->> n2
Em->n Ex o E@ Bel-e2 —>> mi-n2
For instructions:
E,e -=—=>> n E(x) = n
Eoxme —-epe-->> Br{xom}  E,print() —m-->> E

E,while x<n do s —--t-->> E’

E,sl —-t1-->> E1 E1,{s2...} —-t2-->> E2

E,{} --eps-->> E E,{sl s2...} —-t1t2-->> E2



The correctness theorem can be written, for example, as:

. t t
if Fy,s —» E’ then 0, ), new(State) .run() —» M’

where Ej is an environment that maps all global variables of s to 0.

It is not necessary to mention M’ in this theorem, as the equality of traces is sufficient
to capture all possible behaviors.

Syntactic Analysis. We want to perform the syntactic analysis of the GOO language using the
Menhir tool. For expressions, we write the following grammar:

expr:

| CST { ...}
| NIL { ...}
| IDENT { ...}
| expr MINUS expr { ...}
| expr DOT IDENT {...%
| NEW LEFTPAR IDENT RIGHTPAR { ... }
| LEFTPAR expr RIGHTPAR { ...}

(The semantic actions are not of interest here and are omitted, as are the declarations of terminal
symbols.)

Question 8 The Menhir tool reports several conflicts. Identify and explain them. Propose a
solution to resolve these conflicts by adding priority and/or associativity indications.

Correction : The Menhir tool reports two shift/reduce conflicts, corresponding respec-
tively to:

e expr MINUS expr MINUS expr

e expr MINUS expr DOT IDENT
In both cases, when reading the token following the second expr, we can either reduce
expr MINUS expr or shift.

A natural solution consists in declaring:

%left MINUS
Y%nonassoc DOT

Static Typing of Goo. The G0O language is equipped with a static typing system whose rules
are given in Figure 4. The judgment I' - e : 7 means that the expression e is well-typed with type 7
in the context I'; and the judgment I' F s means that the instruction s is well-typed in the context I'.
As usual, the context I' is a function from variables to types. In the typing rules, the notation S{y 7}
means that the structure S has a field y of type 7.



Question 9 Are these typing rules syntax-directed? Discuss the implementation of these rules in a
typing algorithm (for now, limiting to expressions and instructions, i.e., the rules given in Figure 4).

Correction : Yes, the rules are indeed syntax-directed.

The only difficulty concerning their implementation in a typing algorithm is the typing
rule for nil, which assumes guessing the structure S. At least two solutions exist:

e perform type inference, giving nil a type variable that will be determined later,
through unification, when the type of an expression is confronted with an expected
type;

e only accept nil in positions where the context immediately allows determining its
type, i.e., an assignment (we have the type of the field) or a parameter of a call (we
have the expected type for the parameter).

Question 10 Propose a typing rule to verify the conformity of a function definition.

Correction : The function definition
func (x *S) f(xy 7,..., 2, Ty) S
is well-typed if

e the structure S exists;
e the names z,x1,...,x, are pairwise distinct;
e the types 7; are well-formed;

e we have x : *S 21 i Tq,..., 2, i T F s

Question 11 Propose an algorithm to type a program. Recall that structures and functions are
mutually recursive.

Correction : It is sufficient to proceed in three steps:

1. declare all structures (but ignoring their fields for now);

2. declare all structure fields and the profiles of all functions, each time verifying that
the mentioned structures do indeed exist;

3. type all function bodies (see the previous question).




Question 12 In the GOO language, type safety is quite relative, as evaluation can always fail
dynamically on the dereferencing of a null pointer. That being said, we can hope for a weakened
version of type safety, as follows:

e if 'Fe:int and if M, E,e — M’ v then the value v is an integer;
e if 'Fe: xS and if M, E,e — M’ v then the value v is either nil or an address.

Give necessary conditions on the memory M, the environment F, and the context I' so that we can
hope to prove these two results.

Correction : We need to express the consistency between the memory M, the environ-
ment F, and the typing context I'; in the sense that:

e the value of a variable of type int is an integer;

e the value of a variable of type *S is either nil, or an address at which is a structure

that is itself well-formed with respect to typing.

We can do this formally as follows. We start by defining M F v : 7, which means that
the value v is well-typed with type 7, as follows:

MEn:int M Fnil: xS

¢ € dom(M) dom(M(¥))=dom(S) Vy:7€ S MEMU)(y):T
MEC:*S
Then, we define the consistency relation with these two conditions:

e dom(FE) = dom(T);
e for all z € dom(E), we have M F E(z) : I'(z).

Compilation of Goo to x86-64. We propose to com-
pile our small language to x86-64 assembly. (A cheat sheet
is provided in the appendix.) We assume that the inte-
gers in our language are limited to 64-bit signed integers.
A value is either an integer or a pointer to a structure
allocated on the heap (in which the field values are jux-
taposed). The value nil is represented by the integer 0.
We adopt a simple compilation scheme where all parame-
ters are passed on the stack, including the receiver, and  %rsp —
where we do not attempt register allocation, using the I}
stack to store intermediate calculations. The stack frame
then takes the form shown on the right.

In this context, we denote C(e) as the compilation of an expression e, in the form of a piece
of assembly code that puts the value of e in the register %rax, and C(s) as the compilation of an
instruction s.

parameter n

parameter 1
parameter 0 (receiver)
return address

hrbp — saved %rbp
intermediate calculations




Question 13 Give the definition of C' in the following cases:
1. an expression x;
2. an expression e.y;

3. an instruction if e < 0 then s; else ss.

Correction :

Clx) =>
mov ofs(rbp), Jrax

Il
\Y

Cle.y)
C(e)
mov ofs(%rax), %rax

C(if e < 0 then sl else s2) =>
C(e)
cmpq $0, ‘rax
jge L1 # if e-0 >=0
C(s1)
jmp L2
L1:C(s2)
L2:

Question 14 Propose an assembly code for the function addfib below, optimizing the tail call.

struct Out { v int }
func (res *0ut) addfib(n int) {
ifn-2<0{res.v=res.v-(0-n)}
else { res.addfib(n - 2) res.addfib(n - 1) }
}

Correction :

# res = Yrbp + 16

# n = Yrbp + 24

addfib: pushq %rbp
movq /%rsp, %rbp
movq 24(%rbp), %rdi # n
movq 16(%rbp), %rsi # res
cmpq $2, %rdi
i1 1f
addq $-2, %rdi



pushq %rdi
pushq %rsi
call addfib

addq $16, Y%rsp # pop parameters
addq $-1, 24(%rbp) # n <- n-1
jmp  addfib # tail call

: addq %rdi, (Y%rsi)

popq ’%rbp
ret

10



Adding an Object Layer. In this last part, we add an object layer to the GOO language. To
do this, we add the possibility to declare interfaces alongside structure declarations and function
definitions to our language. The abstract syntax in Figure 1 is modified as follows:

A = intf I { f(xr,....,x7T) interface
fr...,o71)}

T u= int | xS |/ type

p == A...AD..DF. . F program

Here is an example of an interface Rope declaring two functions len and nth (reusing the structure R
given at the very beginning of the subject):

intf Rope {

len(out *R)

nth(i int, out *R)
+

We say that a structure S satisfies an interface I as soon as all the functions declared in [ are
implemented for the receiver type *S. For instance, the type L of integer lists given at the beginning
of the subject satisfies the interface Rope because we have defined the functions len and nth on the
receiver *L with the expected profiles. It is not necessary to explicitly declare that L satisfies the
interface Rope; the compiler is capable of verifying this on its own if needed. Here is another example
of a structure satisfying the interface Rope:

struct Leaf { n int }
func (e *xLeaf) len(out *R) { out.r = 1 }
func (e *Leaf) nth(i int, out *R) { out.r = e.n }

As indicated above (new definition of 7), an interface is also a type. Thus, we can define a third
structure, App, whose fields have the type Rope:

struct App { left Rope, right Rope }

In particular, we can assign values of type *L or *Leaf to the fields 1eft and right of an App structure
because these two structures satisfy the interface Rope. In other words, we have the following typing
rule:

'ke:*S S satisfies [
'ke:I
Finally, on the App structure itself, we can also implement the functions expected by the Rope
interface, like this:

func (e *App) len(out *R) { e.left.len(out) out.addlen(out.r, e.right) }
func (out *R) addlen(n int, r Rope) { r.len(out) out.r = out.r - (0 - n) }
func (e *App) nth(i int, out *R) {

e.left.len(out)

if i-out.r < O then { e.left.nth(i, out) } else { e.right.nth(i-out.r, out) }
}

In particular, we can therefore build binary trees with internal nodes of type App and leaves of type L
or Leaf, including mixing the two in the same tree.

11



Question 15 For the last function above (the nth function on the App type), give the static type
of each sub-expression. Explain why we can see GOO as an object language, even though there are
neither classes nor inheritance.

Correction :

func (e *App) nth(i int, out *R) {
e .left.len(out)

*App *R

if i-out.r < 0 then { e .left.nth(i , out) }

int *App int  *R
Rope
else { e .right.nth(i-out.r, out) }
capp I
CRope

}

As we can see, for example, above with e.left.nth, the static type of the receiver, here
Rope, does not allow selecting the appropriate nth function. We must therefore resort to
a dynamic method call.

Interface Value. To compile this extension of the GOO language to x86-64, we extend our compi-
lation scheme with a new type of value, called an interface value. This is a pointer to a two-word
block allocated on the heap. The first word contains the “name” of a structure S (an identifier).
The second word contains either nil (i.e., 0) or a pointer to a structure (of type S) allocated on
the heap. The idea is, as in any object language, to use the name of the structure to find, during
execution, the code of the function to call in a table built during compilation.

Question 16 Propose a solution to represent structure names on the one hand and function tables
on the other. You can assume that we have the entire source program at the time of compilation.
[lustrate with the program above, i.e., with the structures L, Leaf, and App and the interface Rope.

Correction : It is sufficient to number the structures with consecutive integers 0,1, .. .,
arbitrarily. The first word of an interface value is then this integer.

The function tables are then allocated in the data segment, following the order of this
numbering of structures. Thus, with L, Leaf, and App numbered respectively 0, 1, and
2, we will have:

12



.data

table_len:
.quad len_L
.quad len_Leaf
.quad len_App

table_nth:
.quad nth_L
.quad nth_Leaf
.quad nth_App

Question 17 Explain at which points in the program interface values are constructed by the
compiler, and how.

Correction : Invariant: an expression evaluates to an interface value if and only if its
static type is an interface.

Therefore, we construct an interface value exactly at the points where a value of type *S
is converted (by the typing rule above) to an interface type. This occurs in two places in
the code:

e an assignment;
e a parameter passing in a call.
An elegant way to implement this is to insert an explicit coercion in the AST during

typing. The static type of the argument of this coercion is exactly the type that needs to
be stored in the first component of the interface value.

Question 18 Give the compilation scheme for a call e.f(eq, ..., e,). Clearly distinguish two cases,
depending on whether the static type of e is *S or I.

Correction : We distinguish two cases, depending on the type of e:

e for e of type *S: we directly call the function f for the receiver xS
C(en) pushq %rax
C(el) pushq %rax
C(e) pushq %rax

call £
addq $8(n+1), Y%rsp

e for e of type I: we know by invariant that the value of e is an interface value

13



C(en) pushq %rax

C(el) pushq %rax

C(e) pushq 8(%rax) # we push the receiver, not the interface value
movq (%rax), %rcx # structure number

movq table_f(,%rcx,8), %rcx # code retrieved from the table of f

call x%rcx # dynamic call

addq $8(n+1), Y%rsp

Question 19 Still in the context of the declarations above, what does the following program inspire
you?

func (out *R) q0() { out.ql(new(App), nil) +
func (out *R) ql(a *App, 1 *L) { a.left = 1 a.right =1 a.len(out) }

Should it be rejected during typing, and if so, why? Otherwise, can we hope to execute it successfully,
and if so, how?

Correction : The program above is well-typed, in particular because:

e the value nil is accepted as the second parameter of q1, because - nil : *L;

e the two assignments of a.left and a.right are well-typed, because 1 is of type *L
and L satisfies Rope.

It executes successfully because, during the two assignments, we construct an interface
value with the structure L and the value nil. Then, during the two calls to 1len hidden
in the call a.len(out), the dynamic call will then select the implementation of len on
the type *L, which is indeed defined on the receiver nil (see the very first page of the
subject).

(The Goo language is directly inspired by the Go language.)
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e = n constant n € 7
| nil null pointer
| = variable
| e-e subtraction
| e.y field access
| new(S5) allocation

s = e.y=e asstgnment
| e.fle,...,e) function call
| print(e) print
| if e = nil then s else s conditional
| if e < O then s else s conditional
| {s...s} block

T = int | xS type

D == struct S{yr7,...,y7} structure declaration
F = func (xxS) f(x7,...,27) s function definition
p = D..DF.. .F program

Figure 1: Abstract syntax of GOO.

v o= n integer value n € 7
| nil null pointer
| ¢ memory address

d(int) = 0
d(*S) = nil

z € dom(F)
M,E,n— M,n M, E,nil — M, nil M,E x — M, E(x)
M,E e; — My,ny M, E, ey — My, ny M,E,e - My, ¢ y € dom(M(¢)) M({)(y)=nv
M,E,e; - es - My, nqy — ns M,E e.y — My,v
struct S{y1 11, Yn Tt (& dom(M) My =M= {yy — d(m1),...,yn— d(m)}}
M, E new(S) — M,/

Figure 2: Operational semantics of GOO (expressions).
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M,E e - M,n M,E,e; - My, ¢ y € dom(M(¢)) M, E ea — My, vy
M, E,print(e) —» M, M,E e .y=e; —» My®{l — M (0)®{y — v2}}

M,E,e—»Ml,v Vi.Mi,E,ei—» i+1, U4
func (x *S) f(x1 m,...,2, Ty) S .
My, {x—v,x1 = v, 20 = vy, ..., 2y = U}, 5 —>» M’

M,E e.f(eq,...,e,) —t»M’

M,E,e - My,nil M, E, s, — M, M,E,e— M0 M, E, sy — M

t ¢
M,E if e = nil then s; else s —» My M,E if e = nil then s; else sy —» M,

M,E,e— Myn n<0 M,E,si—» M, MEe—M,n n>0 M,E, s — M

t t
M,FE,if e < 0 then s, else s —» M> M,FE,if e < 0 then s else so —» M,

M,E, sy —» M, My, E, {sy...} -2 M

tita

MaEa{}—s»M M,E,{SlSQ...}—»MQ

Figure 3: Operational semantics of GOO (instructions).

x € dom(I")
I'Fn:int ' nil: %S F'Fax:T'(z)
'Fe:int T'Fey:int F'kFe:xS S{yr7} S exists
I'ke; - ey int Fey:r ' F new(S) : xS
ke xS S{yr} They:7 I'Fe:int
'Fe.y=e I' - print(e)

func (x *S) f(x1m,...,x, 1) ThFe:*xS Vil'le 7
I'Fe.fley,...,en)
I'Fe: xS T'ksy T'F sy I'Fe:int T'ks; T'F sy Vi.I' - s
I'Fif e = nil then s; else $9 I'Hif e < 0 then s; else sy I'E{s1 59 ... s, }

Figure 4: Static typing of GooO.
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Appendix: x86-64 cheat sheet

A fragment of the x86-64 instruction set is given here. You are free to use any other part of the
x86-64 assembler. In the following, r; designates a register, n an integer constant and L a label.

mov
mov
mov
sub
neg
mov
mov
push
pop
test
jz
jmp
call
ret

T2, T
$71, 1
$L, T
T2, T

™
n(ry), 1
ri, n(ry)
™

™

2, T

L

L

L

Calling conventions:

copies register Ty into register r;

loads constant n into register r;

loads the address of label L into register

computes r; — r9 and stores it into ry

computes —ry and stores it into rq

loads r; with the value contained in memory at address r, +n
writes in memory at address ro + n the value of r;

pushes the value of r; on the stack

pops a value from the stack and stores it into register rq

sets the flags according to the value of r; AND ry

jumps to address L if flags signal a zero value

jumps to address L

pushes the return address to the stack and jumps to address L
pops an address from the stack and jumps there

e up to six arguments are passed via registers %rdi, %rsi, %rdx, %rcx, %r8, %r9;

other arguments are passed on the stack, if any;

the returned value is put in %rax;

registers %rsp, %rbp, %hrbx, %ri2, %r13, %14 and %r15 are callee-saved: they won’t be clobbered
by a call,

the other registers are caller-saved: they may be clobbered by a call;

%rsp is the stack pointer, %rbp the frame pointer.
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