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Abstract

We give necessary and sufficient regularity conditions
under which the curve reconstruction problem is solved
by a Traveling Salesman path.

1 Iatroduction
In 1930 Karl Menger [6] proposed a new definition of
arc length:

The length of an arc be defined as the least
upper bound of the set of all numbers that
could be obtained by taking each finite
set of points of the curve and determining
the length of the shortest polygonal graph
joining all the points.

We call this the messenger problem (because
in practice the problem has to be solved by
every postman, and also by many travelers):
finding the shortest path joining all of a
finite set of points, whose pairwise distances
are known.

This statement is one of the first references to the
Traveling Salesman Problem.

Arc length is commonly defined as the least upper
bound of the set of numbers obtained by taking each
finite set of points of the curve and determining the
length of the polygonal graph joining all the points

g g graph ) g b
in their order along the arc. In [7] Menger proves
the equivalence of his definition and the common one
(Menger’s theorem).
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It seems natural to think that this equivalence holds
due to the fact that the shortest polygonal graph co-
incides with the polygonal graph joining the points in
their order along the arc, provided the set of points is
sufficiently dense. In other words, for sufficiently dense
point sets a Traveling Salesman path solves the polygo-
nal reconstruction problem for arcs. This problem was
stated by Amenta, Bern and Eppstein [2] as follows:

Given a curve v € R? and a finite set of sam-
ple points S C . A polygonal reconstruction
of v from S is a graph that connects every
pair of samples adjacent along v, and no oth-
ers.

But Menger’s proof does not show this at all. So we
want to study the question whether the polygonal re-
construction problem is solved by a Traveling Salesman
path, provided the sample points are sufficiently dense
in the curve. Since a Traveling Salesman path is always
simple, we cannot expect that it solves the reconstruc-
tion problem for curves with intersections. Even worse,
the Traveling Salesman path may not coincide with the
polygonal reconstruction for arbitrarily dense samples
of simple curves. Consider the following example:

Let 4 be the simple arc which consists of the unit
interval on the r-axis and the graph of y = 22 on this
interval. That is,

(1 - 2t,0)
(2t —1,(2t - 1)2)

t <

. 2
7.[0,1]—)R,tl-—){ ‘S
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For large n the samples

n . . )
p 2 2 2
S = {pn:Phs PosPr} U L{{(E’O) , (;, n_f)}
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become arbitrarily dense in vy. But the Traveling Sales-
man path through S, is different from the polygonal



reconstruction from S, because

lps — P21+ |p2 — P3| + 1p3 — phl
> |py = P3l+1p3 — pi] + P} — phl-

o—

1-3-2-4 is shorter than 1-2-3-4

In this example, the arc v has finite length and
finite total curvature. Thus, even finite curvature,
which is a stronger property than rectifiability, is not
sufficient for the polygonal reconstruction problem to
be solved by a Traveling Salesman path, provided the
points are sampled densely enough. The crucial point
is that v behaves quite well, but it is not regular in
(0,0) € v. The regularity conditions necessary turn
out to be only slightly stronger.

In this article we prove:
Suppose that for every point of the arc

1. the left and the right tangents exist and
are non-zero,

the angle between these tangents is no
more than 7.

Under these conditions there exists a finite
sampling density such that the Traveling
Salesman path solves the polygonal recon-
struction problem for all samples with larger
sample density.

Regularity is a local property. In contrast to that,
it is a global property for a path to be a shortest
polygonal path through a finite point set. One of the
most interesting aspects of our work is this transition
from a local to a global property and the methods used
therein. We first prove a local version of our global
theorem by using a projection technique from Integral
Geometry. We believe that this technique could be
useful in many other contexts, even in the study of
higher dimensional objects than curves. At a first
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glance it is not obvious how to derive the global version
from the local one. This extension is achieved by an
application of two corollaries of Menger’s theorem.

Many algorithms designed for the curve reconstruc-
tion problem (for example [2, 3, 4]) work by picking
a cleverly chosen subset of the edges of the Delaunay
triangulation of the sample points. From the example
above we can derive another example in which there is
an edge of the polygonal reconstruction which is not a
Delaunay edge for arbitrary dense samples. Let R, be
the radius of the unique circle through the points p}, p2
and p2. We can calculate that:

lim R, = o0

n—oo
That is, if we extend 7 to the halfspace {(z,y) : y < 0}
and take sample points in this halfspace we find by the
open ball criterion for Delaunay edges that the edge
conv{pl,p2} cannot be a Delaunay edge for large n. It
turns out that for curve reconstruction via the Delaunay
triangulation the same regularity restrictions are neces-
sary and sufficient as for reconstruction via a Traveling
salesman path. In this article we do not want to give
a proof of this, because we consider it less interesting
than the proof for the Traveling Salesman path. Never-
theless we want to point out two interesting questions
which result from this observation:

1. What are the necessary conditions on the regular-
ity of a simple curve such that for dense samplings
a Traveling Salesman path through a set of sam-
ple points always consists of Delaunay edges? In
[5] we show that it is sufficient that in every point
of the curve a non-zero tangent exists. Here we
claim without giving a proof that the regularity
conditions mentioned before are sufficient.

. Is there an efficient algorithm that always com-
putes a simple polygon, which consists only of De-
launay edges and which for sufficiently dense sam-
ples is a polygonal reconstruction? This algorithm
should work for the weakest regularity conditions
possible, i.e. in every point on the curve that we
want to reconstruct left and right tangents have to
exist and the angle between these tangents should
be strictly smaller than .

2 Basic Definitions

In this section we give the definition of regularity and
the definition of a sample and its density. For the sim-
plicity of presentation we restrict ourselves in this arti-
cle on simple closed curves 7 : [0, 1] — R

Here we abuse slightly the notions of Differential Ge-
ometry and call a curve v regular if in every point on vy



non-zero left and right tangents exist. This is expressed
in the following definition:

Definition 2.1 Let
T = {(t1,t2) : t1 < tz,t1,12 €[0,1]}

and

v(t2) — v(t1)
[y(t2) = ¥(t1)|

The curve v is called left (right) regular at (o) with
left (right) tangent t(vy(to)) if for every sequence (&)
in T which converges to (to,10) from the left (right) in
closure(T) the sequence T(£,) converges to t(vy(1o)). We
call v regular if it is left and right regular in all points
+(t), 1 € [0,1]

The relationship between regularity and two of the
most interesting geometric properties of curves, length
and total absolute curvature, was shown by Aleksan-
drov and Reshetnyak [1]:

7:T =S (ty,t9) —

Theorem 2.1 Every curve v of finite total absolute
curvature C(v) is regular and every regular curve has
finite length L(v).

The example we gave in the introduction shows that
even the finiteness of total curvature and hence regu-
larity are not sufficient for the Traveling Salesman tour
to solve the reconstruction problem. Next we want to
give the definition of a sample we use in this article:

Definition 2.2 A sample S of v is a finite set

S={pl,...,p"}

of points where p* € . We assume that the sam-
ple points p' are ordered according to the order of the
y~1(p*) € [0,1]. To every sample S its density is defined
to be the inverse of the following number

e(S) = supmin{jp' — x| : i
cey

0,...n}.

Here we want to study what conditions on the reg-
ularity of v are necessary such that there exists a pos-
itive constant £, which of course depends on ¥, such
that for every sample S of v with £(5} < ¢ the Travel-
ing Salesman tour through the sample points solves the
reconstruction problem.

3 A Local Analysis

In this section we give several reformulations of our
notion of regularity. We end up with a reformulation
which is a local version of the theorem we want to prove
in this article.
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Differentiability has two aspects. The first one is al-
gorithmical in a certain sense: We can approximate a
differentiable function locally by a linear one, which al-
lows us to make use of the apparatus of Linear Algebra.
The second aspect is regularity, which is independent
of a underlying linear structure on the range space of
our function. It only makes use of the metric struc-
ture. The reformulation of regularity in the following
lemma is a pure metric interpretation of our definition
of regularity.

Lemma 3.1 Let v be a simple closed curve, which is
left (right) regular in p € y. Let (ps),(gn) and (r,) be
sequences of points from =, that converge to p from the
left (right), such that p, < ¢, < r, for alln € N in
an order locally around p along v. Then the sequence
of angles () converges to w, where ay, is the angle at
gn of the triangle with corner points py,q, and r,.

PRroOOF. Since v is locally homeomorphic the sequences
(v7*(Ps)), (v~ (gn)) and (Y~ (7)) converge to v~ (p).
Thus by our definition of left (right) regularity asymp-
totically the three secants

conv{py, gn},conv{gy,, r,} and conv{p,,r,}

have to point in the direction of the left (right) tangent
t(p). That is, lim, o o, = 7. a

We suppose that the metric aspect of regularity is
the important one for our theorem to hold. In [5] we
give a pure metric proof of this theorem under slightly
stronger regularity conditions, but in the following we
have to make use of the linear structure of R4t1. We
exploit this linear structure by studying projections of
a set of sample points on one-dimensional subspaces of
R%*1, It is an interesting open question if the theorem
as we want to prove it here can be proved in abstract
metric spaces.

In the following let p € v be a fixed point. We want
to introduce the following notions. Let > 0. The
connected component of

{g€ry:lp—qd<n}

which contains p is denoted by By,(p). The left tan-
gent of v in p is denoted by t;(p) and the right tangent
in p is denoted by t.(p). We assume that every one-
dimensional subspace ¢ of R4t not perpendicular to
t;(p) is oriented according to the orientation induced
by the orthogonal projection m(t;(p)) of t;(p) on £ and
that every one-dimensional subspace £ perpendicular to
t;(p) carries an arbitrary orientation.

We want to compare the ordering of a set of sample
points close to p on v with the ordering of the projec-
tions of these points on one-dimensional subspaces of
R4*1. The following reformulation of regularity states
to which extent these orderings can be different:



Lemma 3.2 Assume there exists a sequence (£,) of
one-dimensional subspaces of R and sequences

(pn)a((In),(rn) € Bl/n(p) with p, < qn < 1, < pin
the order along =, but

Teo(gn) < me, (Pn) < e, (Tn)

or
7r£n (pn) < ﬂ-zn (rn) < 7r£n (qn)

in the order on £,. Then the limit of every convergent

subsequence of (£,) has to be perpendicular to t;(p).

Proor. We want to do the proof by contradiction.
That is, we can assume that (£,) converges and that
A. -

0<a:= nli)r{.lo L(ti(p), bn) < 3
For the proof we assume without loss of generality that
e, (qn) < 7o, (pn) < 7, (7n), and by the continuity of
~ and the continuity of the projection maps 7, we can
assume that there exists 0 < A < 1 such that

mea(rn)l = Acos(e) |me, (gn) — 7. (ra)]

if we move ¢, or r,, a little bit on +. From the regularity
of v we find that

Ime, (Pn) —

lim /(conv{gn,rs},t(p))
n [= o]
lim Z(conv{p,,r,},t:(p))

n—o00

0

and together with the triangle inequality for spherical
triangles

Jim Z(conv{ga,7n}, 7z, (conv{ga,}))
Jim (L(conv{qm rn}, ti(p))
+ L(t(p); 7 (conv{ga 7 1))
nli)ng() L(conv{gn, s}, ti(p))
+ lim /(t:(p), e, (convign,n}))
0+ lim £(t:(p),£s)
n—o00

<

<7l'
0% —
2

and analogously

<ac<

B

nli)rgo L(conv{pn, rn}, T, (conv{pn, rn}))

Hence

Iﬂ'ln((In) = M, (rn)l

0 < cos(a) < lim <1
n—ro00 lgn — 7l -
and
0 < cos{a) < lim [meo (n) = e (7n)] <1

n—roo

|pn — 7nl
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Therefore we find

1
cos(a)

>  lim |7e,(gn) = e, (7n)] |Pr — rnl

- noo lqn - rnl Iﬂ-en(pn) - 71'[" (rn)[

— lim lﬂ'ln(‘In) ﬂ'ln(rn)l |pr = 7nl
n—oo |me, (Pn) = e, (rn)] lgn — 74l

— hm !7'(" (qn) 7lﬂln (rn)l l-l lpn Tnl
n=oo |y, (Pn) — e, (Tn)| n=o0 |gn — 7]

|Pn = 7l
Acos(a) n—roo |gn — 7y

lim l—p"———-ll<)\<1

n-co |qn — T'nl -
Hence there exists N € N such that |p,~7,| < |gn — 75|
for all n > N. Now we consider the triangles with
corner points pp,q, and r,. From the law of cosines
together with [p, — r,| < |gn — rn| we find

_'Pn - 7’n|2 — |pn _‘Inl2 —lgn — 7'n|2

> 0.
2\pn — Qn“‘In — Tl

cos(an) =

Thus the angle at ¢,,, denoted by «,,, has to be smaller
or equal than % for all n > N. Since v is left regular
in p that is a contradiction to Lemma 3.1. 0O

The collection of all one-dimensional subspaces of
R4 forms the d-dimensional projective space P¢. In
the following the elements of P are called lines. From a
standard construction in Integral Geometry [8] we get a
probability measure gz on P%. The next reformulation
of regularity makes use of this measure:

Lemma 3.3 Foralln € N let p,,qn,mn € By, (p) with
Pn < qn < 1 < p in the order along vy. Let

L, = {teP?: Te(qn) < me(Pn) < me(rn) or
we{pn) < me(rn) < me(gn) in the order on £},

where m; .denotes the orthogonal projection on the line
£. Then im0 pa(Ln) = 0.

ProoF. In [8) Reshetnyak shows: Let V be a d-
dimensional subspace of R%t! and E C P? be the set
of all one-dimensional subspaces contained in V. Then
pa(E) = 0.

The proof of the lemma follows directly from this
theorem of Reshetnyak and Lemma 3.2. a

Obviously an analogous result for sample points
larger than p in the order along v also holds.

Now we are prepared to prove a local version of our
theorem. For a given sample S of a neighborhood of p
we fix the smallest and the largest sample point along



~ and consider paths through S which connect these
points. One such path is the polygonal reconstruction
P(S) which connects the sample points in their order
along 4. We distinguish three types of lines £ € P4:

1. There exists a path through the sample points dif-
ferent from P(S) which has a shorter projection
on £ than P(S).

. Every path through the sample points different
from P(S) has a larger projection on £ than P(S).

. There exist paths through the sample points dif-
ferent from P(S) which projections on £ have the
same length as the projection of P(S), but there
is no path with shorter projection.

The proof is subdivided in three parts. First, we show
that the measure of the first set of lines tends to zero as
the neighborhood of p shrinks to p itself. Second, there
exists a constant larger than zero such that the measure
of the second set of lines is larger than this constant for
arbitrary small neighborhoods of p. Finally we conclude
from the first two steps by integrating over the length
of all projections that for small neighborhoods of p the
polygonal reconstruction P(S) has to be the shortest
path through the sample points.

Theorem 3.1 Assume

a = sup{<(ti(¢), t-(q))

and let (Sy,) be a sequence of samples of By, (p). Then
there exists N € N such that

:q€‘7}<7r

TSP*(S,) = P(S,),

Jor alln > N. Where TSP*(S,) is a path of minimal
length through the sample points S, with fized startpoint
min S, and fired endpoint max S,,. Here min and max
are taken with respect to the order induced on S, by v.
Furthermore TSP*(S,,) is unique for alln > N.

Proor. First Step. We show that

lim pa(Ln) = 0.

=300
Here L,, C P?is the set of lines for which the projection
me(P(Sn)) is not a shortest path through the projected
sample points my(S,) and p4 is the probability measure
on P introduced in [8]. We use the following abbrevi-
ations

m; = m(minS,)
my = ming{me(minSy,), m(maxS,)}
ms = maxe{m(minS,), m(maxS,)}
my me(max Sy,)
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——o

m2 ml

—

m4 m3

Path of minimal length

Take ¢ € P? together with its orientation. A path of
minimal length through the points m¢(S, ) which con-
nects m; with my consists of

conv{my, ma} U conv{mg, ma} U conv{ms, ms}

That is, the points of £ between m; and ms are cov-
ered twice by a path of minimal length through the
points m¢(Sy), the points between my and my are cov-
ered once and the points between ms and my are cov-
ered twice again. If m(P(S,)) is not a path of minimal
length through the points 7,(Sy), then there has to ex-
ists an interval

')}, maxe{me(py,), me(prt)}]
on ¢ with pi,pit! € S, which is covered by m(P(Sn))
1. 2 4 2k times, k > 1, if

I = [ming{me(p},), me (Pl

my < ming{ﬂ'e(P) me(pitt)}
< maxg{me(ph), m (Pt} < my
or
my < mlﬂl{ﬁl(pn)aﬂl(pl-'-l)}

< maxg{me(p}), me(PiFH)} < my

2. 14 2k times, k> 1, if

my < ming{me(p}), me(pit)}
< maxe{m(p}), me(p;t1)} < ma.

For all pi, € S, — {pl¥*1} we call the interval
[ming{m(p}), me(piH)} maxe {me(pl,), me(PT)}]

positive oriented if m¢(p}) < m¢(pit!) in the order on ¢
and negative oriented otherwise. The intervals

7)), me(pit1) } maxe{me(p]), me(pit)}]

which we get from the projection of P(S,) and which
cover the interval I must have alternating orientations.
That is, if m(P(S,)) is not a shortest path through
the points m¢(S,) we find, using that P(S,) connects
the p/ € S, in their order along 4 and using the con-
tinuity of 4 and of the projection map m;, three points
Pns@n, Tn € Bi/n(p) with p, < gn < 7 < pin the order
along v, but

[ming{m(p]

'/Tli(qn) < me(pn) < 7!‘11(1’,-,,) or ﬂﬂ(pn) < me(rn) < 7"8(‘]11)



in the order on £. Or we find three points p,,qn,7n €
Bi/n(p) with p, > g» > r, > p in the order along v,
but

me(gn) > me(Pa) > me(rn) oF me(pr) > me(rn) > melgn)

in the order on £. The points py, ¢, and r, need not be
sample points. From Lemma 3.3 we can conclude that

nli)nc}o pa(Ln) =0.

Second Step. We show that there exist ¢ > 0 and
N’ € N such that for all n > N’ we have

pa(My,) > c.

Here M,, C P? is the set of lines ¢ for which we have

1. the order of S,, along v and the order of S,, induced
by the order of m¢(S,) on £ coincide.

2. for all conv{p’,p'*'} C P(S,), p',p't! € S, we
have

Cqd

cos(7r+a
2

[me(p**) — me(p')| > )Pt =Pl
with
T'((d+1)/2)

“E AN+ 2/

For the proof we construct a set of lines C C P¢ with
#4(S) > 0 and show that there exists N’ € N such that
C C M, for all n > N’. The set C is defined as follows:
Let £y be the line, £; C span{t;(p),t,(p)} such that
£¢ C span{t;(p), t-(p)} halves the angle £(t;(p), —t-(p))
between the lines determined by t;(p) and t,(p). Now
we define

C= {fePd 2 L8 4p) < i(ﬂ'—a)}.

By £(£,¢) for £,£' € P% we denote the value of of the
minimum of the two angles determined by £ and £'. The
set ;e {z € £} C R¥*! is a double cone.

-t:(p) t(p)

The double cone C
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Since o < 7 we have p4(C) > 0. It remains to check
conditions 1. and 2. to prove that for sufficiently large
n we have C C M,,.

By construction m;(t:(p)) and m(t,(p)) point in the
same direction on every £ € C. Using the triangle in-
equality for spherical triangles and o < 7 we find for
all € C,

L, t(p)) < L(€ o) + L(fosti(p))
1 T T—a
< Z(ﬂ- - a) + (‘2— - 9 )
L s
= T4 <3
and analogously
L(L,t:(p)) < g

That is, every £ € C is neither perpendicular to t;(p)
nor to t.(p).

1. Assume that for arbitrary large n we find £, €
C such that the first condition is violated. Then
we can find three points p,, gn, 7 € Byn(p) with
Pn < gn < rp < p in the order along «, but

T, (gn) < e, (Pn) < me, (Tn)

or
T, (Pn) < Mg, (tn) < me, (gn)
in the order on 4,. Or we find three points

Pnyqn,Tn € Byn(p) with p, > ¢n > 7 2> pin
the order along 7, but

Te, (gn) > Wln_(pn) > T, (Tn)

or
e, (Pn) > e, (Tn) > 72, (¢n)

in the order on £,,. By Lemma 3.1 the limit of every
convergent subsequence of (£,) has to be perpen-
dicular to either t;(p) or t.(p). Since C is compact
we find £ € C as the limit of a convergent sub-
sequence of (£,) which is perpendicular to either
t:(p) or t.(p). But using the triangle inequality for
spherical triangles we find for all £ € C:

< 1( n T T«
riCE R i
T+ « m
= 5 <3
and analogously
T
L(f, tr(p)) < 5

That 1s, every £ € C is neither perpendicular to
t;(p) nor to t,.(p). So we got a contradiction. That
means, for all sufficiently large n the first condition
cannot be violated.



2. From the regularity of ¥ we have for p, pit! € S,

i1

with pi, < pit! <pandall £ € C,

hm £(£, conv{pi, pi*'})

L(¢, llm conV{Pm PH-I}))
T+a

Jim (£, 4(p)) <

That is, for all sufficiently large n and all £ € C
we have

Qg i
)pt =t

. . T+

{me(p') = me(p'*1)| > cacos(
For pi,, pit! € S, with p < pi, < pit! we get the
same result using t, (p) instead of t; (p) in the trian-
gle inequality for spherical triangles. Now choose

7 > 0 such that
T+«
o) > 3o (52).

COos (

For pi, < p < pit! or pi, < p < pit! and suffi-
ciently large n we find

T+«
4

> lcos
2

L(Lo,ti(p)) + 1
L(fo,tr(p)) + 1

(a3
§+na

(£03 Conv{pm D +1}) <

because the régularity of ~ implies

L(£07 tl(p))
L(£o, t(p)),

(p)}, and

Jim Z(span{t;(p), tr(p)}, conv{p, pit'}) = 0.

limsup (£(fo, m(conv{p;,, pit'})) <

where 7 is the projection on span{t;(p), t,

That means, we have for sufficiently large n,

L(£,conv{p, pit'})

S (Z eO) + l([O,COHV{pn,p’+1})
< L Lo) + L(fo, ti(p))
< (5o
T+ o
= ——+n

Hence for all sufficiently large n and all £ € C we
have

C4 T+a,, ; ;
- cos( )i =Pt

Ime(p') — me(p'*h)| > 5 ,

for all pi,, pit! € S,,.
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That is, there exists N’ € N such that for all n > N’
we have C C M, hence

pa(My) > pa(C) > 0.

Third step. In the first two steps we considered the
measures of the subspaces L,, and M,, of P9, the space
on which we want to integrate. In this step we want to
compare the integrands. For £ € L,, we define we define
permutations pg ., of {1,...,|S,|} such that

e (i) > {7

and pg.n(§) = p(3) + 1 if me(ph) = me(pl) and i < j- It
all mg(Sy,) are distinct pg,n (4) is the position of 7 (p}) in

the order on £. For any path P(S,) through the points

mo(pl) < me(pl) in the order of £}].

S, which connects p} = min S, with Plns"l = max S,
with shorter projection w¢(P(Sy,)) than n,(P(S,)) there
has to exist at least one non-degenerate interval

= [me(p51)), me(pelH1)]

which is covered less often (at least two times) by
m¢(P(S,)) than by m(P(S,)). That is, there has to
exist j € {1,...,]|5:| — 1} such that the oriented seg-
ment conv{pl,pi+1} ¢ P(S,) and the interval

[ming{me(p}), me(pit)}, maxe{me(p], ), me(pitH)}]

cover I. It is still possible that the same segment
conv{pit!,pj} with opposite orientation is part of
P(S,), eg. if pen(i) =7+ 1 and pgn(i) +1 = j! We
distinguish two cases.

L.j # 1,|8.] — 1: For all £ € M, the interval
[ (ph), mer (p211)] has to be covered by mp (P(Sy))
at least two times more than by 7 (P(Sy)).

.J=1orj=|Sp|~1: We want to reduce this case
to the first one and assume j = 1. For j = {5, -1
there is an analogous reasoning. Since I has to
be covered at least three times by m,(P(Sy)) and
the covering intervals have alternating orientations
(see first step) we find k € {2,...]S,| — 2} such
that

(P5*HY

also covers I and has opposite orientation than

[ming{7(p}), me(p2)}, maxe{me(py ), me(P})}]-
That is,

[mlne{ﬂe(Pn) We( k+1)},maxe{7fe(17n )s Te(p

Pen(k) < pen(1) and pen(k +1) > pen(2)
if pe,n(1) > pe,n(2),
pen(k) > pen(1) and ppn(k +1) < pr.n(2)

If the oriented segment
)} ¢ P(S,) we have the same

if pen(l) < pen(2).

conv{me(p};), me(pit



situation as in the first case. Otherwise P(S,)
has to contain a segment s on the way from p’ to
p* which projection covers the interval I. Since
me(P(S,)) covers I more often than P(S,) there
has to exist k' € {2,...|S,| — 1} such that the
interval

k41

. +l)}? man{ﬂ'g(pﬁ )9 ﬂl(pn

[ming {m (p ), e (P

)

covers [ and has the same orientation than
fmine {7 (pL), 72(p2))}, maxe xe(p), m(p2))] and
the oriented segment conv{m(pt ), m(pk t1)} ¢
P. If k' # |Sp| — 1 we are in the first case. Oth-
erwise P(S,) has to contain a segment s’ on the
way from p£t! to oI5| which projection covers the
interval I, because we have from the orientations

of the covering intervals

Pt (ISnl) > pra(k+1) if pen(1) < pea(2)
pen(ISnl) > pen(k+1) if pen(1) > pea(2)-

By construction we have s’ # s. That is, P(S,)
covers [ at least three times. Since m(P(S5,)) cov-
ers I at more often than P(S,) there has to exist
k" € {2,...|Sn| — 2} such that the interval

k741

[ming{ﬂ'e (pfz )7 e (pn it

)}v maxl{ﬂ'l (pﬁ”)’ Wl(pn

also covers I and we have for the oriented segment
conv{m(pt"), me(pk"t1)} ¢ P(S,). So we are fi-

nally in the first case.
Using this property of the coverings and using that

T+ o

4

. . C R .
\mer (PHY) — me (PP )] > 5‘1 Wp'tt - p'

cos(

for all pi, € S, — {plns"l} and all ¢ € M, we find that
the increase of length of the projections on ¢ € M, is
bounded from below by the decrease of length of the
projection on £ as follows,

L(7e(P(8n))) = L(me (P(Sn)))

Cd cos(ﬂ-+a)
2 4

(E(me(P(Su)) = L(me(P(S0)))).

2

This inequality is valid for all £ € L, and all £ € M,.
That is, we get for the increase of length on M,
[ (BePS) ~ Lime(PS2))duatt)

Cd T+«

2 & cos(—7—) pa(Mn)
sup (L(me(P(Sn))) = L(me(P(Sn))))
LeEL,

3]
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and for the decrease of length on L,
[ (LmP8:)) = Lime(P(S:)) ) et

< #alLa) sup (L(me(P(Sa))) = L(me(P(Sn)))-

£eLl,

Since limy, 0 pa(Ln) = 0 there exists N > N’ such for
all n > N we have

C4 T+

pa(la) < - cos(—=)ua(C)
< Loos(TF 2 ua(My).

Using another theorem of Reshetnyak [8] which states
for regular curves ¥:

[, Elme)aua(t) = eaL ()

we find that for all n > N there is no shortcut possible
and that P(S,) is the unique path of minimal length
through the points S, with fixed start- and endpoint,
because the polygon connecting the points in the order
induced by « has a shorter projection on all £ € C than
every other polygon through the points S,, with fixed
start- and endpoint. ()

4 From Local to Global

In this section we finally want to prove the promised
theorem. That is, here we achieve the transition from
the local results of the last section to the global. In do-
ing so we make heavy use of two corollaries of Menger’s
theorem [7].

To formulate these corollaries let (S, ) be a sequence
of samples with lim,_,o, €(S,) = 0. The first corollary
states

lim L(TSP(S,)) = L(v).

n—o0
The second one states, if 7, is a permutation of S, such
that for alln € N
[Snl-1
D Ippr Y — pin®)) < L()
i=1
Then
lim max{lp:"(i“) —pz"(i)| :ph € S,}=0.
n—00

That is, the maximal length of a segment in the Trav-
eling Salesman tour tends to zero as the density of the
samples goes to infinity.

Furthermore we need another two definitions.
S ={p!,...,p"} be a sample of v. We write

i<j if Ly :p')) < Lv(p' : p')),

Let



where v(p' : p/) C v is the arc connecting p’ and p’ in
the order along vy. We write ¢ <1 j if we want to include
the possibility that i = j. These notions are well defined
if v is regular, because regular curves have finite length
according to Theorem 2.1.

We call » € § areturn point, if » is connected top,q € S
and r < p,q or r > p,q in the order along ~v. In the first
case we call the return point positive and in the second
case we call it negative.

Now we are prepared to prove our main theorem.
The proof is done by contradiction and it is subdivided
in three steps. We show in the third step that the local
version of the theorem does not hold if the global one
does not hold. That is, the local version implies the
global version.

Theorem 4.1 Assume

a =sup{/(l(q),r(q)) : g€} <™

and let (S,) be a sequence of samples of v with
lim, 00 6(Sp) = 0. Then there exzists N € N such
that TSP(S,) = P(S,) for alln > N. Here TSP(S,,)
is a shortest tour through the points S,,. Furthermore
TSP(S,) is unique for alln > N.

ProoF. We want to do the proof by contradic-
tion and assume without loss of generality that

TSP(S,) # P(Sy) for all n € N.

First Step. We show that there has to exist a return
point for large n. Assume the contrary. That is, there
does not exist a return point in S, for arbitrary large
n. By turning to a subsequence we can assume with-
out loss of generality that there does not exist a return
point for all n € N. Since TSP(S,) # P(Sy) there ex-
ists p!, € S,, which is not connected to pi,"! in TSP(S,).
We cut T'SP(S,) in two polygonal arcs P}, with start-
point p!, and endpoint pi~!, and P2, with startpoint
P! and endpoint pi,. By our assumption that there
does not exist a return point in S,, the sample points in
both polygonal arcs are connected in their order along
v. From the two corollaries of Menger’s theorem we can
conclude that

liminf L(P}), liminf L(P2) > L(¥).

That is, liminf L(TSP(S,) > 2L(v).
contradiction.

Which is a

Second Step. We show that there must exist two re-
turn points r! <172 incident along TSP(S,) such that
the other return points 7 incident to ! and 72 inci-
dent to rZ along TSP(S,) are not in between r} and
r2. That is, we do not have the following situation

(1)

1 ~1 2 1 ~2 2
r,dr,ldr, or r, Ar, <r,.
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But it is possible that #1 = r2 and 72 = r}!

We observe that the sum of the signs of the return
points in S, always has to sum up to zero and that
return points incident along T'SP(S,) always have dif-
ferent signs. So we can conclude from the first step
that for sufficiently large n there exist at least two re-
turn points. Assume that for all incident return points
we find situation (4.1) then all return points have to
accumulate in between two return points.

- o
L 4

7‘

T

1

)

Accumulating return points

That is impossible since TSP(S,,) is closed.

Third Step. In this step we make the transition from
the local version of this theorem to the global one. We
want to make use of the return points ri and r2 we
found in the second step and choose the orientation of
TSP(S,) such that r2 < rlalong TSP(S,). Let r0 €
S, be the last sample point we find running through
TSP(S,) with

r® qrl alongy and r2 <ir2 along TSP(S,)

and let r3 € S, be the first sample point we find running
through TSP(S,) with

r2 qr3 alongy and rl <r2 along TSP(S,).
That is, we have the following situation:

13

rl 2

10

Shortcut through return points

By the compactness of v we can assume by turn-
ing to convergent subsequences that (r2), (rl), (r2) and
(r3) converge to r% rl r% r3 € 4. Let s, € S, be the
successor of r0 and let p, € S, be the successor of 7'?1

along TSP(S,). By construction we have
0 qrl as, and p, 472 a3 along .

From the second corollary of Menger’s theorem we con-
clude

lim

[0 — s, = lim |p, —r3| = 0.
n-—00 n—00

That is, 7% = 7! and #? = r3. Now assume 7! 2. We
consider three sets of sample points

M} {p€S, : p<Ar? along TSP(S,)}



M2
M3

{pesS, : riapdrl along TSP(S,)}
{p€ S, : p>r} along TSP(S,)}.

We have using the first corollary of Menger’s theorem

lim L(TSP(S,))

n—o0

= lim (L(TSP(M;))+L(T5’P(M3))Jr

=00
L(TSP(M;Z’)))

= lim L(TSP(M})) + Jim L(TSP(M?)) +
lim L(TSP(M}2))

= LOlp~-1¢2) + L0211y a-1eo) +
L(¥lpy-1r1),11)
= L) + 2L(Ylpy-1 (r1) -1 (r2) > L(9)-
That is a contradiction. Hence we have

70 =pl = ¢? 7'3::7'67.

By turning to an appropriate subsequence of (S,) we
can assume without loss of generality that

70, rl r;",,rz € Sn N Byp(r).
That is a contradiction to Theorem 3.1, which is the
local version of this theorem. ]

The example in the introduction shows that the
regularity conditions required to prove this theorem
are necessary. That is, this theorem is best possible.
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