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1 Introduction

We show how to derive tight convex relaxations of Mixed-Integer Nonlinear Programming
problems (MINLPs) involving bilinear terms and linear equation constraints. This is crucial
for the efficiency of Branch-and-Bound algorithms. Such MINLPs occur frequently in many
application fields, ranging from engineering [1] to graph theory [2]. Our method identifies a
subset of Reformulation-Linearization Technique (RLT) constraints [8] which are shown to
reformulate the problem exactly.

2 Reduction constraints

We first linearize the original problem so that each nonlinear term g(z) (where z is a
vector of n variables) is substituted by a linearizing variable w, and a corresponding defining
constraint w = g(x) is added to the formulation [9]. Secondly, we consider multiplying the
set of linear equality constraints 37 a;jz; = b; (i € I) by a subset of problem variables
x (k € K). We choose I and K such that the products create the least possible number of
new bilinear terms [6]. Next, we replace the terms x;z; by their linearizing variables w;y,
obtaining a system of linear equality constraints Vi € I,k € K Z;.l:l a;jwir = bixy, called
reduction constraints, also written as :

Vk € K Awp — xpb = 0, (1)
where Az = b is the set of linear equations indexed by I and wy, = (w1, . .., wnk). Replacing
b= Az yields Vk € K A(wy — zxz) = 0. If we now define 2, = wj, — z;xy for j < n and
2k = (Z1k, - - -, Znk); We can see that (1) is equivalent to

Vke K Az, = 0. (2)

Let B, N be sets of index pairs such that z;;, is basic for (2) if (j, k) € B nonbasic if (j,k) € N.
Since (2) is homogeneous, setting z;, = 0 for all (j,k) € N yields necessarily z;, = 0 for
all j € I,k € K. By definition of zj;, this means that if we impose the bilinear defining
constraints w;, = z,;x; for (j,k) € N and system (1), the defining constraints indexed
by B are implied automatically. Thus, the problem can be reformulated exactly to a form
with more linear constraints (1) and fewer bilinear defining constraints. Since the convex
relaxation only affects the nonconvex terms, fewer terms are relaxed in the reformulated
problem. Consequently, the relaxation is likely to be tighter.
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3 Reducing the convexity gap

For most linear systems (2) the partition B, N in basics/nonbasics is not unique. Consider
a function f: X C R™ — R with convex lower bounding function f(z) and concave upper
bounding function f(x). Then the set S = {(z,w) | 2 € X A f(x) < w < f(z)} is a
convex relaxation of the set S = {(z,w) | * € X Aw = f(z)}. We define the convezity
gap o be the volume fwex(f(x) — f(x))dz of the set S. Let Vji be the convexity gap of
x;xp. It is possible to show that Vj; is a monotonically increasing function of the variable
range sizes x]U — xJL, ac,%’ — mﬁ By Sect. 2, only the terms indexed by N are actually relaxed.
Thus, we want to choose B, N such that Z( S k)EN Vi is minimum, or equivalently such
that Z{j’k}eB Vji is maximum. This problem has a matroidal structure, since it reduces to
finding sets of linearly independent weighted columns of B. Thus, its solution is achieved by

a simple greedy algorithm.

4 Applications

We implemented a spatial Branch-and-Bound for nonconvex NLPs based on the above
ideas, and applied it to Pooling and Blending problems (PBPs) [7] with considerable success.
The method has also been used in an application to Quantum Chemistry [4]. Furthermore,
the ideas in this paper gave rise to a compact formulation for bilinear 0-1 programs [5] as
well as an application to a scheduling problem [3].
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