PRFSYS — Foundations of Proof Systems

Exam

Nov. 25 2025

1 Trees in system F

We suppose we have already defined the type nat of natural numbers together with
0 and S and the addition function over them.

Question 1 Define a type Tree representing binary trees with natural numbers at the
nodes, and nothing at the leaves.
That is, define Tree and two terms :

— Leaf: Tree
— Node : nat — Tree — Tree — Tree. o
Solution.

Tree=VXX - (nat-X-X-X) - X

Leaf = AXAx: XAf:nat - X - X — Xux.

Node = An : nat.Aty : Tree. At : Tree AX Ax : XAf : fn(ty Xx f) (t2 X x f).

Question 2 Construct a function count : Tree — nat which counts the number of nodes
of a tree (without taking the leaves into account). o

Solution.
count = At : Tree.t nat 0 (Av nq np.5(n1 + ny).

Question 3 Construct function tsum : Tree — nat which returns the sum of the values
at the nodes. ©

Solution.

tsum = At : Tree.t nat 0 Av : nat.Anq : nat.An, : nat.v + ny + no.



2 Impredicative Definitions of Properties

We are in HOL. We consider as given the type nat with 0 and S, as well as a type list
and two constants nil : list and cons : nat — list — list.

Question 4 Define <: nat — nat — o which states that a number is less or equal than
another. o

Solution.
(£ ab)=VP:nat — o0.(Pa) — (Yx:nat.(Px) — (P (5x))) — (P b).

One can also use a quantification over R : nat — nat — o (it is a little longer but

definitively ok). O
Question 5 Define low : nat — list — o which states that either a number is less or equal
than the first element of a list, or the list is empty. o
Solution.

(lowal) =

VR : nat — list — o.
(Vx : nat.(R a nil)) —
(Vx y :nat.Vm : list.(< x y) = (R x (cons y m))) —

(Ral).
Question 6 Define sorted : list — 0 which states that a list is sorted. o
Solution.
(sorted]) =
VP : list — o.
(P nil) >
(Vx : nat.Vm : list.(P m) — (low x m) — (P (cons x m))) —
(P1I).

3 Exercises in Type Theory

Question 7 We are in Martin-Lof’s Type Theory.

Fill in the blanks, so that the following statements ought to hold; or say when they
cannot hold.

For instance, for[] + 0 : I:] , youshould answer N (it is not necessary to mention well-
formed types convertible to N). You may want to add some remarks or side conditions,
but do not go into long explanations.



0+ @b:____|
I + /\x:A.t:I:]
nrl___ l.a+B
(reflAt):I:]
0r L la=ub
c:N)] + L I'N
[1 + I:]:J_

T
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Solution.

[l (a,b): Zx: A.B
Ax:At:TIx:A.B
i(a) or j(b):A+B
(reflat):t =4t
refla(c) :a=40b
SD0 or S¥x: N

no possible term : L
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4 A paradox in Type : Type
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We consider the pure type system with a unique sort Type such that Type : Type. That

is Martin-Lof’s original, paradoxical type theory of 1971.

I'vT:Type
yp I wf I wf (f (x:T) eT)
[] wf I'(x:T)wf I'+ Type : Type F'rx:T
F+Ty:Type T(x:Tp)+ To: Type Ix:Urt:T
[+1lx: T1.T> : Type FrAx:Ut:Tlx:U.T

Trt:Tx:U.T Tru:U [rt: T T'rU:Type
I (u): Tx\ u] et: U

(it T =5 U)

Question 8 Describe a (very) simple transformation f over terms of PTSs, such that :

— ifT'+ t: T in some PTS,
— then f(I') + f(t) : f(T) in the PTS above.
— With the requirement that if ¢ >4 t then f(t) > f(t').

Solution. Replace all sorts in ¢ by Type.



Question 9 We define
U =TIX: Type.X — Type.

What is the type of U? o
Solution. It is Type. O
Question 10 Given u : U, how do you, simply, turn u into a property over U, that is a
term of type U — Type? o
Solution. Take (u U). O
Question 11 Construct a relation €: U — U — Type.

From now on, we write u € v for (¢ u v). o
Solution.

€ = Aul:U.Aup:U. (up Uuq).

We also add to the type system the, usual, primitive equality, together with the
additional axiom K which states unicity of equality proofs :

= : IIX:Type.X —» X — X — Type we write t =t u for (= T t u).
refl @ TIX:Type.Ilx: X.x=xx

L : IIX:Type . IIx: X . Iy : X . IIP: X — Type . (Px) > x=xy — (P y)

K : TIX:Type . TIx: X .TIP : x =x x —> Type .Tle: x =x x . (P (refl X x)) — (Pe)

with the (usual) reduction rules :

(LTt Pp(refl T' "))
(KT tP(refl T t') p)

> p
> p
Remark : you will not need the second reduction rule.

Using this equality, we will now build the construction dual to €. That is construct an
term comp : (U — Type) — U, such that u € (comp P) will be equivalent to P u.

Question 12 Construct
tr: IIX : Type.U =1ype X — (U — Type) — (X — Type).
What is a notable reduct of (tr U (refl U) P)? o
Solution.
tr=AX:Type.Ade: U =gype X.L(AY : Type.Y — Type) XU Pe.

We have :
(tr U (reflU) P) > P.



We can now define
comp=AP:U— Type.AX:Type . Ax: X . Tle: U =gype X . tr X e P x.
Question 13 Give a proof trid : Ile : U =gype U.trUeP = P. o

Solution.
Ae: U =mpe U.K(Ae:U=ppe U.trUeP =P) (refl P).

Question 14 Give a term :

g: 1P :U — TypeIlu :U.Pu — (u € (comp P))

Solution.
g =
AP:U — TypeAu: UAp:Pude: U=U
LU — Type) (P) (trUeP) (AQ: U — Type.Q u) p (trid e)

(actually we should insert a use of symmetry of equality, to turn it into a proof of
P = (ir U e P); the blame of this mishap is on me, I should have typed trid the other way
around)

Question 15 Givenu : U,P: U — Type and i : (In u (comp P)), giveaterm ¢ : (Pu). o

Solution. We have :

(In u (comp P)) >1Ile: U =gype frUePu

SO
i(reflU):trU (reflU) P u

and thus also :
i(reflU): Pu.

We now give ourselves a variable a : Type. We write =T for T — «a.

Question 16 Define R of type U which corresponds to Russell’s paradoxical set {x|=%(x €
x)}.
Show —=*(R € R) o

Solution. Take
R =comp Ax : U.=%(x € x).

Question 15 givesusaterm i : (R € R) — ((A : x : U.=%(x € x)) R)
thatish: (R e R) - -*(R € R).
So we have :

hh=Ap:ReR.(hpp): (ReR)—a.



Question 17 Show (R € R). Deduce a. o

Solution. We use the term g of question 14.
Take
=@A:x:U-%xex)Rhy):ReR.

So (hg go) is of type a.

Question 18 Explain, from this, why the type system cannot enjoy normalization. o

Solution. We have a closed proof of a. If we have normalization, we can have a closed
normal proof of a, or to be precise, a term of type « whose only free variable s a (or a
closed normal proof of ITx : Type . X. By enumerating the possible closed normal forms,
we see non can be a proof of (that is a term of type) I'lx : Type . X (or of type a).

The term cannot be of the forms :

— Ax : T.u (it would be a function type)
— Ily : A.B (it would be of type Type)

— (xuy ... uy) (x would need to be a, which would lead to the correct type),

— Type

— same arguments with a little more reasoning for the operators of the primitive
equality. O

Fixed-Point Operator

In this last part, we want to go a little further and build a real fixed-point operator.
For that, for any x : Uand P : U — Type, we admit that we can construct two terms :

F, : Px—x € (compP)
G, : x € (compP)— Px

with the property that (G} (F}, p)) > P
We write :

P = Ax:U.-%xex)
Fo = Fi:-*(ReR)—>ReR
Go = GR:ReR— -*ReR)

Question 19 Using Gy and Fy, construct two terms of type :
H; _|a(R S R)

H, : ReR

What does (H; H») reduce to? o



Solution. Take:

X
1l

Ap:(ReR).(Gopp)
Hy = (FoHy)

We see that

Hi Hp Ap:(ReR).(Gopp) (FoAp:(ReR).(Gopp))
(Go (FoAp : (R€R).(Gopp)) (Fodp: (ReR).(Gopp))
" (Ap:(ReR).(Gopp)FoAp:(ReR).(Gopp))

= Hi{H O

V. v

Question 20 We give ourselves a variable f : « — a. By modifying the terms of the
previous question, build a term Y : @, such that Y DE fY. o

Solution. Take H} = Ap : (R € R) . (f (Gop p))-

We have
HiHy = Ap:(ReR).(f(Gopp)) (FoHy)
> f(Go (FoAp: (ReR).(f (Gopp)) (Fo Hy))
>t f(Ap: (ReR).(Gopp)FoH))
= f(H]| H) |
Question 21 Show that all A-terms are typable in this type system. o

Solution. The construction above is for any typea and any f.
So we can instantiate a with Type (since Type : Type) and f by AX : Type. X — X.
So take w = (H] Hz). We have w : Type and w =g w = w.
This allows to type any A-term. O



