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1 Context - Topological spaces

General idea: Classify (regroup) items which are equivalent up to an isomorphism (the class of admis-
sible transformations depends on the topic). Basically, you consider that X should be deemed the same
as Y if you can transform, in some sense, X into Y .

Example: classi�cation of surfaces.

De�nition 1. h : X → Y is a homeomorphism if there exists a map h−1 : Y → X such that:

• both h and h−1 are continuous,

• h ◦ h−1 = idY ,

• h−1 ◦ h = idX .

Two spaces X and Y are said to be homeomorphic if there is a homeomorphism h : X → Y .

Remark: One can easily check that being homeomorphic de�nes an equivalence relation, that is:

• X is always homeomorphic to itself,

• if X is homeomorphic to Y , then Y is homeomorphic to X,

• if X is homeomorphic to Y and Y to Z, then X is homeomorphic to Z.

Then we have the following theorem (this is out of the scope of this course and is just a cultural
example. See on-line for illustrations and details):
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Figure 1: Some example of homotopy equivalent spaces. Left-right-arrows mean "is homotopy equivalent
to". Grey means "�lled".

Theorem 2 (Classi�cation of surfaces up to homeomorphism - admitted, out of the scope of this course).
Every connected, compact, boundary-free surface is homeomorphic to one of:

• the sphere S2,

• A connected sum of tori,

• A connected sum of projective planes.

This theorem basically states that, up to homeomorphism, there exists only three di�erent families of
compact connected surfaces without boundary. There are weaker notions of equivalence between topolog-
ical spaces, for instance the following one, which is based on the idea of continuous deformations between
maps:

De�nition 3. f, g : X → Y are homotopic (denoted f ∼ g) if there is a continuous map ϕ : [0, 1]×X → Y
such that ϕ(0, ·) = f and ϕ(1, ·) = g.

De�nition 4. X and Y are homotopy equivalent if there exist continuous maps f : X → Y and g : Y → X
such that f ◦ g ∼ idY and g ◦ f ∼ idX . Then, f (resp. g) is said to be a homotopy equivalence between X
and Y .

Proposition 5. X and Y are homeomorphic ⇒ X and Y are homotopy equivalent.

Proof. Given a homeomorphism h : X → Y and its inverse h−1 : Y → X, take f = h and g = h−1. Then,
f and g are both continuous, and we have:

f ◦ g = idY ∼ idY

g ◦ f = idX ∼ idX

2 Intuitive viewpoint on homology

Let X be a topological space. A path is a continuous map [0, 1]→ X. Two points x, y ∈ X are said to be
equivalent in X (denoted x ∼ y) if there exists a path γ : [0, 1]→ X such that γ(0) = x and γ(1) = y.

Proposition 6. ∼ is an equivalence relation over X.
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Proof. The constant path γ : [0, 1] → {x} proves the re�exivity of the relation. A path can always be
reversed by reparamtrizing the unit segment by t 7→ 1 − t, which proves the symmetry of the relation.
Finally, paths can be concatenated by letting

(γ′ · γ)(t) =

{
γ(2t) if t ≤ 1/2

γ′(2t− 1) if t ≥ 1/2

for any paths γ, γ′ : [0, 1]→ X such that γ(1) = γ′(0), which proves the transitivity of the relation.

Then, the path connected components of X are the equivalence classes of the relation ∼.

An alternative formulation is to say that x, y ∈ X are in the same connected component if there is a
path γ such that γ(∂[0, 1]) = {x, y}, where ∂[0, 1] denotes the geometric boundary of the segment [0, 1],
i.e. the 2-point set {0, 1}. Similarly, in higher dimension: a loop is a map γ : S1 → X that is continuous
(S1 denotes the sphere of dimension 1, i.e. the circle). Two loops γ, γ′ are then equivalent if there exists
a surface Σ and a map ν : Σ→ X such that ν (∂Σ) = γ(S1) ∪ γ′(S1). See Figure 2 for a pictorial view.
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Figure 2: (left) Here, points x and y are equivalent in X in the sense that {x} ∪ {y} is the boundary of a
(continuous) path c (included in X ). (right) Here, path c and c′ are equivalent because c∪c′ is the boundary
of a continuous surface S included in X . Besides, c′′ is trivial because c∪∅ is the boundary of a continuous
surface in X . (bottom) Similar notions exist on a simplicial complex, with a purely combinatorial and
algebraic formulation.

More generally:

• a r-cycle is a map γ : Σ→ X where dim Σ = r and ∂Σ = ∅.

• γ ∼ γ′ if there exists ν : Ω→ X with dim Ω = r + 1 such that ν(∂Ω) = γ(Σ) ∪ γ′(Σ′).
Since such theoretical notions are not handy (and also because in practice, data analysis often starts

with a point cloud), we are going to introduce a combinatorial and algebraic formulation that is easier to
work with.
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3 Simplicial complexes

The general idea is that simplicial complexes extend the standard notion of graph (vertices and edges,
that is items with dimension zero and one) by adding some higher dimensional components to it.

De�nition 7 (Combinatorial de�nition of simplicial complexes). Let V be some �nite set (the vertices).

A simplicial complex on V is a set K ⊆ P(V ) such that: ∀τ ⊆ σ ⊂ V, σ ∈ K ⇒ τ ∈ K. Here, σ, τ are

called simplices of K, and τ is a face of σ.

The dimension of σ ∈ K is its cardinality minus one: dimσ := #σ − 1. Thus, the dimension
of a vertex is zero, and an r-dimensional simplex has exactly r + 1 vertices. The dimension of K is
dimK = sup{dimσ | σ ∈ K}. We denote by Kr the set of r-dimensional simplices of K. Note that
K0 = V , the vertex set.

Figure 3: (left) A 3-simplex, that is a tetrahedron. (right) A 3-simplicial complex. Deep blue represents
3-simplices, teal stands for 2-simplices, and edges are 1-simplices.

To turn a simplicial complex (which is a combinatorial object) into a topological space, we simply
`draw' it (see Figure 3 for an illustration):

De�nition 8. Let K be a simplicial complex. An immersion of K into Rd is simply a map f : K0 → Rd,
which assigns coordinates to the vertices of K. It induces a map f̄ : K → P(Rd), de�ned by σ =
{v0, · · · , vr} 7→ Conv(f(v0), · · · , f(vr)), where Conv denotes the convex hull.

Not all `drawings' are satisfactory: only the ones that do not create extra incidence relations are useful.
These are called `embeddings':

De�nition 9. An immersion f : K0 → Rd is called an embedding if for all simplices σ, τ ∈ K we have

f̄(σ) ∩ f̄(τ) = f̄(σ ∩ τ). This condition implies in particular that the vertices of each simplex have to be

a�nely independent, and so d ≥ dimK.

Once `drawn' properly in Rd, a simplicial complex can be equipped with the topology inherited from
Rd. The question is then whether this topology depends on how we `draw' the complex, and the answer
is no:

Proposition 10. For any embeddings f : K → Rd and g : K → Rd′, the topological spaces f̄(K) and

ḡ(K) (equipped with the topologies inherited from their embedding spaces Rd and Rd′ respectively) are

homeomorphic.

Proof. For each simplex σ ∈ K, there is a homeomorphism hσ : f̄(σ) → ḡ(σ) given by barycentric
interpolation (which is unique and continuous by the a�ne independence of the vertices of σ in each
`drawing').

Now, the conditions f̄(σ) ∩ f̄(τ) = f̄(σ ∩ τ) and ḡ(σ) ∩ ḡ(τ) = ḡ(σ ∩ τ) imply that the homeomor-
phisms restrict properly, that is: hσ∩τ = hσ|σ∩τ = hτ |σ∩τ . As a consequence, we can stitch the local
homeomorphisms (de�ned on the simplices) together to get a global homeomorphism f̄(K)→ ḡ(K).



Lecture 3-4: Introduction to homology 5

Thanks to this proposition, we know that the various embeddings of K provide an essentially unique
topology on K:

De�nition 11. The underlying space (or topological realization) of a simplicial complex K, denoted by

|K|, is the image of K through an arbitrary embedding. It is unique up to homeomorphism.

De�nition 12 (Triangulability). A topological space X is triangulable if there is a simplicial complex K
and a homeomorphism h : X → |K|.

Simplicial maps. Now that we have introduced simplicial complexes as the combinatorial version of
topological spaces, we want to do the same with continuous maps. The right concept for this is the one of
a simplicial map:

De�nition 13. f : K → L is simplicial if ∃f0 : K0 → L0 such that ∀σ = {v0..vn} ∈ K, f(σ) =
{f0(v0)..f0(vn)}.

Note that, in this situation, f is entirely de�ned by its restriction to the set of vertices, i.e. by f0. In
the following, both functions are identi�ed. The connection between simplicial maps and continuous maps
happens at the level of the underlying space:

Lemma 14. Every simplicial map f : K → L induces a continuous map |f | : |K| → |L|, called the

topological realization of f .

Proof. Let |f |(v) = f(v) for every vertex v ∈ K0. Then, extend |f | to the interior of each simplex by
barycentric interpolation. This gives a well-de�ned and continuous map because f maps simplices to
simplices.

Note however that not every continuous map comes from a simplicial map. Nevertheless, it can be
`approximated' in the sense of homotopy:

Theorem 15 (Simplicial Approximation). Every continuous map f : |K| → |L| is homotopic to the

topological realization |f ′| : |K| → |L| of some simplicial map f ′ : K ′ → L where K ′ is some simplicial

subdivision of K.

The proof of this result is technical, therefore we refer the reader to [Munkres, �16] for the details.
The intuition is that, by subdividing K su�ciently many times, we can guarantee that each simplex of
the subdivision K ′ gets mapped to some small neighborhood of the simplex of K it originates from. Then
local homotopies between f and f ′ can be worked out then stitched together to form a global homotopy.
For completeness, we recall the de�nition of a subdivision, which follows the intuition:

De�nition 16. A subdivision K ′ of a simplicial complex K is a simplicial complex such that |K ′| = |K|
and each simplex of K drawn in |K| is the union of the drawings of �nitely many simplices of K ′.

4 Simplicial homology

De�nition 17 (Orientation). An orientation of a simplex σ = {v0, · · · , vk} is an ordering of its vertices,

i.e. a permutation on its vertex set.

An oriented simplex is denoted with a pair of square brackets, within which the vertex order matters.
For instance, [v0, · · · , vk] and [v3, v2, vk, · · · , vk−12] are two di�erent orientations of the same simplex.
Two orientations [vπ(0), · · · , vπ(k)] and [vπ′(0), · · · , vπ′(k)] are equivalent if the permutation π′ ◦π−1 is even.
For instance, [v0, v1, v2] and [v1, v2, v0] are equivalent, while [v0, v1] and [v1, v0] are not. This de�nes two
equivalence classes of orientations: the positive one, which contains the identity, and the negative one.
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4.1 Chains space

Let K be a (�nite) simplicial complex and let k be a �xed �eld. Given r ∈ N, we are interested in the
k-linear combinations of r-simplices in K.

De�nition 18 (k-chains). The space of r-chains of K over the �eld k is de�ned by:

Cr(K,k) :=

{
#Kr∑

i=0

αiσi : αi ∈ k, σi ∈ Xk

}
.

Cr(K,k) comes equipped with a k-vector space structure: given any chains c =
∑

i αiσi and c
′ =

∑
i βiσi,

and any scalar λ ∈ k:

λc+ c′ :=

#Kr∑

i=1

(λαi + βi)︸ ︷︷ ︸
∈k

σi

Remark: Here we assumed K to have �nitely many simplices, for simplicity. In the general case where
Kr may be in�nite, we must restrict the focus to �nite k-linear combinations of r-simplices.

4.2 Boundary operator

De�nition 19. Given an (oriented) r-simplex [v0..vk] ∈ Kr, we denote by [v0.., v̂j , ..vr] ∈ Kr−1 the (r−1)-
simplex (which is a face of [v0..vr]) where the vertex vj got removed. The boundary operator ∂r is then

de�ned as:

∂r : Cr(K,k)→ Cr−1(K,k)

σ = [v0..vr] 7→
r∑

j=0

(−1)j [v0.., v̂j , .., vr]︸ ︷︷ ︸
∈Kr−1

(λσ + σ′) 7→ λ∂rσ + ∂rσ
′ (linear extension)

By convention, we let ∂0 = 0.

The main property of the boundary operator is to be nilpotent, which in plain words means that "the
boundary of a boundary is zero":

Proposition 20. ∀r > 0, ∂r ◦ ∂r+1 = 0

Proof. We prove the property on each (r + 1)-simplex independently. Then, it will extend to all (r + 1)-
chains by linearity. We have:

∂r ◦ ∂r+1[v0, .., vr+1] = ∂r

(
r+1∑

i=0

(−1)i [v0, .., v̂i, .., vr+1]

)
=

r+1∑

i=0

(−1)i ∂r[v0, .., v̂i, .., vr+1]

=
r+1∑

i=0

(−1)i



i−1∑

j=0

(−1)j [v0, .., v̂j , .., v̂i, .., vr+1] +
r+1∑

j=i+1

(−1)j−1 [v0, .., v̂i, .., v̂j , .., vr+1]




=

r+1∑

i=0

i−1∑

j=0

(−1)i+j [v0, .., v̂j , .., v̂i, .., vr+1] +

r+1∑

i=0

r+1∑

j=i+1

(−1)i+j−1 [v0, .., v̂i, .., v̂j , .., vr+1]

=

r+1∑

i=0

i−1∑

j=0

(−1)i+j [v0, .., v̂j , .., v̂i, .., vr+1] +

r+1∑

i=0

i−1∑

j=0

(−1)i+j−1 [v0, .., v̂j , .., v̂i, .., vr+1]

=

r+1∑

i=0

i−1∑

j=0

(−1)i+j ([v0, .., v̂j , .., v̂i, .., vr+1]− [v0, .., v̂j , .., v̂i, .., vr+1]) = 0.
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4.3 Homology groups

As mentioned previously, we want to �nd the cycles modulo the boundaries. Formally, we are interested in
the r-cycles and r-boundaries subgroups of the chain group Cr(K,k):

Zr(K,k) := ker ∂r (r-cycles)

Br(K,k) := im ∂r+1 (r-boundaries).

By Proposition 20, we have Br(K,k) ⊆ Zr(K,k), so we can take the quotient (as a k-vector space):

Hk(K,k) := Zr(K,k)/Br(K,k) = ker ∂r/ im ∂r+1. (1)

This quotient space is called the r-th homology group of K over k. Literally, it represent the space of
�cycles modulo boundaries".

4.4 Algorithm to compute homology

Input: A �nite simplicial complex K, a �eld k.

Output: Hr(K,k), ∀r > 0.

Recall that Hr(K,k) ' kβr , so we basically want to �nd βr = dim(Hr(K,k)) = dim(Zr)︸ ︷︷ ︸
dim(ker(∂r))

−dim(Br)︸ ︷︷ ︸
rk(∂r+1)

.

If we represent the boundary operator ∂r for each r ∈ N in matrix form (using the simplices as a basis for
the chain groups):




Mr




σ1 σ#Kr· · ·
ν1

ν#Kr−1

...

then we are left with the computation of the rank and nullity of each of these boundary matrices Mr. The
rank-nullity theorem gives the following formula:

βr = #Kr − rankMr − rankMr+1.

Thus, we are left with only rank computations.

Rank computations. There are di�erent approaches to compute ranks. The one that is easiest to
implement is Gaussian elimination, sketched in Figure 4. Despite its poor worst-case complexity (O(nm2),
where n,m are respectively the numbers of rows and columns in the matrix), it is generally e�cient in
practice (with a near-linear running time) because the boundary matrix Mr remains sparse throughout
the elimination process.

For the sake of the algorithm we introduce the following function that returns the row index of the
lowest non-zero entry in a given column j of the matrix Mr:

low(j) =

{
0 if Mr[i, j] = 0 ∀i
max{i |Mr[i, j] 6= 0} otherwise
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1 1 0
1 0 1
0 1 1






1 1 1
1 0 1
0 1 0






1 1 0
1 0 0
0 1 0


c3 ← c3 − c2 c3 ← c3 − c1

Figure 4: Sketch of Gaussian elimination

Then, the details of the elimination process are given in Algorithm 1. Note that we present a lazy version
of Gaussian elimination that is su�cient for our purposes. It reduces the matrixMr until the low function
becomes injective on the indices of non-zero columns. Up to a permutation of the columns, this is like
reducing the matrix to column-echelon form. Upon termination, the rank of Mr is given by the number
of non-zero columns.

Algorithm 1 Calculates the rank of matrix Mr using Gaussian elimination

for j = 1 to #Kr do

while ∃i < j s.t. low(i) = low(j) 6= 0 do

cj ← cj − Mr[j,low(i)]
Mr[i,low(i)] ci // cl denotes the l-th column vector of the matrix

end while

end for

return #{j | low(j) 6= 0}

Proposition 21. The algorithm terminates.

Proof. The tricky part is the analysis of the inner while loop. Its invariant is that each execution of the
loop decreases strictly the row index of the lowest non-zero entry of the currently reduced column. Thus,
the number of iterations of the inner while loop per column is bounded above by the number of rows and
therefore �nite.

4.5 Morphisms

The �eld k is �xed. We have an operator on spaces Hr : K 7→ Hr(K,k), which we want to extend to
maps as well: (f : K → L) 7→ Hr(f,k).

At the level of chains, a simplicial map f : K → L induces a chain map f# : Cr(K,k) → Cr(L,k)
between the chain spaces of K and L. More precisely, f# is de�ned on each oriented simplex σ = [v0, .., vr]
as follows:

f#(σ) =

{
[f(v0), .., f(vr)] if dim{f(v0), .., f(vr)} = r

0 otherwise

Then it is extended to the whole space of chains by linearity:

f#

(∑

i

αiσi

)

︸ ︷︷ ︸
∈Cr(K)

:=
∑

i

αi f#(σi)︸ ︷︷ ︸
∈Cr(L)

.

Proposition 22. The chain map f# commutes with the boundary operator, that is:

∀r ∈ N, f# ◦ ∂r = ∂r ◦ f#.

Proof. We prove the equality on every simplex. Then, it will hold on every chain by linearity. Given
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σ = [v0, .., vr] ∈ Cr(K), we have:

f# ◦ ∂r(σ) = f#

(
r∑

i=0

(−1)i[v0, .., v̂i, .., vr]

)

=

r∑

i=0

(−1)i f# ([v0.., v̂i, .., vr])︸ ︷︷ ︸
=

[f(v0).., f̂(vi), .., f(vr)] if dim{f(v0).., f̂(vi), .., f(vr)} = r − 1

0 otherwise

There are 3 cases:

Case dim{f(v0), .., f(vr)} = r:

This implies that dim{f(v0).., f̂(vi), .., f(vr)}) = r − 1 for every i. It follows that

f# ◦ ∂r(σ) =
r∑

i=0

(−1)i[f(v0).., f̂(vi), .., f(vr)]

= ∂r[f(v0), .., f(vr)] = ∂r ◦ f#(σ).

Case dim{f(v0), .., f(vr)} = r − 1:
This implies that there is a unique pair of indices 0 ≤ s < t ≤ r such that f(vs) = f(vt). As a result:

dim{f(v0), .., f̂(vi), .., f(vr)} =

{
r − 1 if i ∈ {s, t}
r − 2 otherwise

It follows that

f# ◦ ∂r(σ) = (−1)s[f(v0).., f̂(vs), .., f(vr)] + (−1)t[f(v0).., f̂(vt), .., f(vr)]

=
(
(−1)s(−1)t+1−s + (−1)t

)
[f(v0).., f̂(vt), .., f(vr)]

= 0 = ∂r ◦ f#(σ).

Case dim{f(v0), .., f(vr)} ≤ r − 2:

This implies that dim{f(v0).., f̂(vi), .., f(vr)}) = r − 2 for every i. Hence,

f# ◦ ∂r(σ) = 0 = ∂r ◦ f#(σ).

Proposition 22 implies that we have the following commutative diagram:

Cr(K) Cr−1(K) C0(K) 0

Cr(L) Cr−1(L) C0(L) 0

f# f# f#

∂r

∂r

∂r−1

∂r−1

∂1

∂1

∂0

∂0

· · ·

· · ·

· · ·

· · ·

In particular, cycles are mapped to cycles, and boundaries to boundaries, through f#. As a result, f#
goes to the quotient and induces a (linear) morphism f∗ : Hr(K,k)→ Hr(L,k),∀r.

Proposition 23 (Functoriality). We have the following properties:

(i) Given K
f−→ L

g−→M , (g ◦ f)∗ = g∗ ◦ f∗.



Lecture 3-4: Introduction to homology 10

(ii) Given K, (idK)∗ = idHr(K,k)

Sketch of proof. (i) follows from the fact that chain maps compose naturally, i.e. (g ◦ f)# = g# ◦ f#.
This equality is easily seen from the de�nition on a single simplex, then true on all chains by linearity. It
implies that the induced maps in homology satisfy (g ◦ f)∗ = g∗ ◦ f∗.

(ii) follows from the fact that id# = idCr(K,k), which, again, is easily seen from the de�nition. Then
the induced map in homology is also the identity.

5 From simplicial complexes to topological spaces

Note. Proofs in this section are technical and not essential to the course, therefore they are omitted in
these notes. The interested reader can refer to [Hatcher] for the details.

How to extend homology from simplicial complexes to triangulable spaces? Given a triangulable
space X, can we de�ne its homology in a way that is consistent across all its possible triangulations? The
following result gives a positive answer:

Proposition 24. Given a triangulable space X, for any two triangulations K,L of X the homology groups

Hr(K,k) and Hr(L,k) are isomorphic as vector spaces.

As a consequence, we can de�ne Hr(X,k) to be Hr(K,k) for any arbitrary triangulation K of X.
Similarly, given a continuous map f : X → Y between triangulable spaces, we can take arbitrary triangu-
lations K,L of X,Y respectively, then compose f with the respective homeomorphisms to get a continuous
map g : |K| → |L|. In other words, we de�ne g through the following commutative diagram, where the
vertical arrows are homeomorphisms:

X
f //

'
��

Y

'
��

|K| g
// |L|

(2)

Note that g itself may not come from a simplicial map K → L. However, by the Simplicial Approximation
Theorem 15, we can `approximate' g by some simplicial map g′ : K ′ → L where K ′ is some subdivision of
K. Then, we can de�ne g∗ : Hr(|K|,k)→ Hr(|L|,k) through the following commutative diagram, where
the vertical arrows are isomorphisms of vector spaces:

Hr(|K ′|,k)

'
��

Hr(|K|,k)
g∗ // Hr(|L|,k)

'
��

Hr(K
′,k)

g′∗ // Hr(L,k)

(3)

Now we can extend the process to f : X → Y itself by observing that both K and K ′ are triangulations
of X, so they have isomorphic homology groups by Proposition 24. More precisely, we de�ne f∗ through
the following commutative diagram, where the vertical arrows are isomorphisms of vector spaces:

Hr(X,k)
f∗ //

'
��

Hr(Y,k)

'
��

Hr(|K|,k)
g∗ // Hr(|L|,k)

(4)

Of course, this de�nition of f∗ is dependent on the choices of triangulations K,L on the one hand, and
of subdivision K ′ on the other hand. However, one can prove that the resulting morphism f∗ is actually
independent of these choices. The key ingredient is that induced linear maps in homology are invariant
under homotopies:
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Proposition 25. For any homotopic maps f, g : X → Y between triangulable spaces, one has f∗ = g∗.

We refer the reader to [Munkres, Chapter 2] for the details of the proofs, which once again are technical.

Conclusion: homology groups of triangulable spaces, and morphisms between them, are uniquely de-
�ned. Moreover, morphisms are invariant under homotopy (Prop. 25), and they also satisfy the functori-
ality axioms of Proposition 23 (immediate from the construction and invariance properties).

Here is a simple application of these results that justi�es the use of homology groups as topological
invariants (you can see this as a warm-up exercise, therefore we give the details of the proof):

Corollary 26. If X,Y are homotopy equivalent, then Hr(X,k) and Hr(Y,k) are isomorphic as vector

spaces.

Proof. By de�nition of homotopy equivalence, there are two functions f : X → Y and g : Y → X s.t.
g ◦ f ∼ idX and f ◦ g ∼ idY , where ∼ denotes homotopy between maps. By functoriality and homotopy
invariance, we have:

f∗ ◦ g∗ = (f ◦ g)∗ = (idX)∗ = idHr(X,k)

g∗ ◦ f∗ = (g ◦ f)∗ = (idY )∗ = idHr(Y,k)

As a consequence, f∗ and g∗ are mutual inverses and therefore bijective. It follows that Hr(X,k) and
Hr(Y,k) are isomorphic.

Note that homology does not completely characterize the topology of a space in general (even a
triangulable one). More precisely, one can �nd topological spaces X,Y with Hr(X,k) ' Hr(Y,k) for all
r ∈ N and any �eld k, but such that X,Y are not homotopy equivalent. The Poincaré homology sphere

is such an example: it has the same homology as the sphere S3, but is not homotopy equivalent to it. Its
construction is illustrated in Figure 5.
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Figure 5: The Poincaré sphere is obtained by gluing the opposite faces of a �lled dodecahedron according
to the labels shown in the picture.


